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"I am an old man, and I know that a definition cannot be so 
complicated." 

I.M. Gelfand (after a talk on vertex algebras in his Rutgers seminar) 



Abstract 

In Section 1 we review various equivalent definitions of a vertex algebra V. 
The main novelty here is the definition in terms of an indefinite integral of the 
A-bracket. In Section 2 we construct, in the most general framework, the Zhu al- 
gebra ZhurV, an associative algebra which "controls" T- twisted representations 
of the vertex algebra V with a given Hamiltonian operator H . An important 
special case of this construction is the i/-twisted Zhu algebra ZhunV. In Sec- 
tion 3 we review the theory of non-linear Lie conformal algebras (respectively 
non- linear Lie algebras). Their universal enveloping vertex algebras (resp. uni- 
versal enveloping algebras) form an important class of freely generated vertex 
algebras (resp. PBW generated associative algebras). We also introduce the 
i?-twisted Zhu non-linear Lie algebra ZhunR of a non-linear Lie conformal al- 
gebra R and we show that its universal enveloping algebra is isomorphic to the 
7?-twisted Zhu algebra of the universal enveloping vertex algebra of R. After 
a discussion of the necessary cohomological material in Section 4, we review in 
Section 5 the construction and basic properties of affine and finite VF-algebras, 
obtained by the method of quantum Hamiltonian reduction. Those are some 
of the most intensively studied examples of freely generated vertex algebras 
and PBW generated associative algebras. Applying the machinery developed 
in Sections 3 and 4, we then show that the iJ-twisted Zhu algebra of an affine 
M^-algebra is isomorphic to the finite M^-algebra, attached to the same data. In 
Section 6 we define the Zhu algebra of a Poisson vertex algebra, and we discuss 
quasiclassical limits. 
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Introduction 



0.1 What is a vertex algebra? 

According to the general principles of quantum field theory, the observables 
arc quantum fields, which arc operator valued distributions on the space-time, 
satisfying certain axioms, called Wightman's axioms. In one sentence, a vertex 
algebra is a chiral part of a 2-dimensional conformally covariant quantum field 
theory. 

The data of a vertex algebra consist of the space of states V (an arbitrary 
vector space), the vacuum vector |0) e V, the infinitesimal translation operator 

T G EndF and a collection of EndF-valucd quantum fields subject to the 
axioms formulated below (which are "algebraic" consequences of Wightman's 
axioms). 

A quantum field a{z) is a formal Endy-valucd distribution, that is an Endl/- 
valued linear function on the space of Laurent polynomials C[z, z~^] (the space 
of test functions), which satisfies the condition that a{z)v is a Laurent series in 
z for every v gV. We can write a{z) in the form 

a{z) = ^ a(„)2;~"~^ , where a(„) G EndV , (0.1) 

so that a(„) = Res^2;"a(2:), where, as usual, KeSz stands for the coefficient of 
z~^. Then the above condition means that a(„)t; = for n sufiiciently large. 
The following arc the four axioms of a vertex algebra {V, |0), T, = 

(vacuum) r|0) = , 

(translation covariance) [T,a^{z)] — dza^(z) , 

(locality) {z - w)'^^- [a^ {z) , {w)] = for some Njk G Z+ , 

(completeness) vectors a^^j^) • • • a^^j -jlO) spanl/. 

This definition allows one to easily construct examples. In Section 1 we give 
several more equivalent definitions of vertex algebras, which allow us to work 
with them. First, we show that, if we enlarge to the maximal collection T of 
quantum fields for which the axioms still hold, then the map ^ ^ V , defined 
by a{z) a(_i)|0), is bijective. We thus get the state-field correspondence, 
defined as the inverse map V ^ f 

V ^ a^Y{a,z) G.F, 

which leads to the second definition of a vertex algebra. We shall use the 
customary notation Y{a, z) for the quantum field, corresponding to the state 
a G V^, and the customary name "vertex operators" for these quantum fields. 

The state-field correspondence allows one to introduce bilinear products on 
V for each n G Z by letting 

a(„)6 = Res2^"Y'(a, z)b . 
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This leads to the third, the original Borcherds definition of a vertex algebra as 
a vector space V with the vacuum vector |0) and bilinear products a(„)6 for 
each n e Z, satisfying a simple vacuum identity and a quite complicated cubic 
identity, called the Borcherds identity [B]. This identity is somewhat similar to 
the Jacobi identity; the former is as important for the theory of vertex algebras 
as the latter is for the theory of Lie algebras. 

A part of the structure of a vertex algebra is the A-bracket, defined by 

A" 

[axb] = Res^e^^y(a, z)b = ^ — a(„)6 (a, b€V), 

which satisfies axioms similar to the axioms of a Lie algebra. This structure, 
extensively studied in the past few years, is called a Lie conformal algebra [K]. 
The only additional operation needed to get a vertex algebra structure is the 
— I'** product a(_i)6, usually called the normally ordered product. The vacuum 
vector is the identity element for this product, which is neither commutative nor 
associative. However, the normally ordered product is quasicommutative and 
quasiassociative, meaning that the "quantum corrections" to the commutator 
and the associator are certain explicit expressions in terms of the A-bracket. 
Finally, the A-brackct and the normally ordered product arc related by a "non- 
commutative Wick formula" , which is an analogue of the Leibniz rule, where the 
"quantum correction" is expressed in terms of a double A-bracket. This is the 
fourth description of a vertex algebra, given in [BK], similar to the definition 
of a Poisson algebra. On the other hand, this definition is the most convenient 
one for the theory of quantum integrablc systems. 

Remarkably, the fourth definition can be interpreted by saying that a vertex 
algebra is a Lie conformal algebra whose A-bracket can be "integrated". This 
leads to a new, fifth definition of a vertex algebra, which is discussed in Section 
L9. 

0.2 Non-linearities 

Some of the most important examples of vertex algebras, such as affine, fermionic 
and Virasoro vertex algebras are the universal enveloping vertex algebras of cer- 
tain Lie conformal algebras. However, the majority of affine VT-algcbras, which 
are central to the present paper, cannot be obtained in this way due to the 
"non-linearities" in the commutation relations. The first example of this kind 
is Zamolodchikov's algebra [Za] . (The two generating quantum fields of the 
W3 algebra correspond to the basic invariants of the Weyl group of 5^3, hence 
the name "W-algebra".) 

In order to take into account the above mentioned "non-linearities" , one 
needs the notion of a non- linear Lie conformal algebra, introduced in [DK]). 
This and the parallel, simpler notion of a non-linear Lie algebra, are discussed 
in Section 3. It follows from [DK, KWl] that all affine T/K- algebras can be ob- 
tained as universal enveloping vertex algebras of certain non-linear Lie conformal 
algebras. Likewise, all "finite" PF-algebras are universal enveloping algebras of 
certain non-linear Lie algebras. 
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0.3 Hamiltonian operators 

We shall consider most of the time _ff-graded vertex algebras. A vertex algebra 
V is called if-graded if one fixes a Hamiltonian operator H, i.e. a diagonalizable 
operator on V such that 

[H, Y{a, z)] = zdzY{a, z) + Y{Ha, z) . (0.2) 

The main source of Hamiltonians is an energy-momentum field, that is a ver- 
tex operator of the form Y{iy,z) = J2nez^nZ~"'~'^, with the following three 
properties: 

(i) the operators Z/„ form the Virasoro algebra 

[Lm, Ln] = (to - n)Lm+n + J^i^^ ~ rn)5m-n , (0.3) 

where c e C is called the central charge, 

(ii) L_i = T, 

(iii) Lq is a diagonalizable operator. 

Then H = Lq is a. Hamiltonian operator. 

In connection to twisted representation theory of a vertex algebra V one also 
considers an abelian group A of automorphisms of the vertex algebra V, com- 
muting with H. It turns out that ^-twisted irreducible positive energy (with 
respect to H) modules over V are in a canonical one-to-one correspondence with 
irreducible modules over an associative algebra ZhuH,AV, canonically associ- 
ated to the triple {V,H,A). In the case when the group A is trivial and all 
the eigenvalues of H are integers this construction was introduced by Zhu [Z]. 
Our construction generalizes those of [Z, KWa, DLM], and the proof of the main 
theorem is closer to [DLM] . Especially important for this paper is the case when 
the grading defined by the action of A is given by the eigenspaces of e^^^^ . In 
this case we denote ZhuH,AV by ZhuuV , and we call it the ff-twisted Zhu 
algebra. 

In order to define and study the properties of the Zhu algebra, we introduce 
and study in Section 2 a certain deformation of the vertex operators of V . 
This deformed vertex algebra satisfies all the axioms of a vertex algebra, except 
that the translation covariance is replaced by a "gauged" translation covariance 
with the potential hH/{l + hz). We show that for this particular choice of the 
potential the deformed vertex operators satisfy a very simple deformation of 
the Borcherds identity. This makes the exposition of the theory of Zhu algebras 
very simple and transparent. 

In Section 3.3 we introduce the (non-linear) Zhu Lie algebra ZKuhR of a non- 
linear Lie conformal algebra R and we show that the Zhu algebra ZhuHV{R) 
of the universal enveloping vertex algebra V{R) is the universal enveloping al- 
gebra of ZhunR- As an application, we show in Section 3.4 that the N = 1 
extension of the Sugawara construction, given in [KT], is a " chiralization" of 
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the cubic Dirac operator, defined in [AM, Kol], which immediately imphes all 
its properties. 

In Section 4 we introduce the notion of an almost linear differential of a 

non-linear Lie algebra (rcsp. a non-linear Lie conformal algebra) and show 
that, under certain conditions, the cohomology of the universal enveloping alge- 
bra (resp. universal enveloping vertex algebra) equals the universal enveloping 
algebra (resp. universal enveloping vertex algebra) of the cohomology of the 
non- linear Lie algebra (resp. Lie conformal algebra). 

0.4 What is a VF-algebra? 

In the remainder of the paper we apply the developed machinery to finite and 
affine VF-algebras. They are universal enveloping algebras of certain non-linear 
Lie algebras and non-linear Lie conformal algebras respectively, obtained by the 
method of quantum Hamiltonian reduction. 

Let us first explain the classical Hamiltonian reduction in a special situation 
that shall be used. Let g be a simple finite-dimensional Lie algebra with a 
non-degenerate symmetric invariant bilinear form (. | .), and let x G g be an 
ad-diagonalizable element with eigenvalues in ^Z. We have the decomposition 
into a sum of subalgebras: g = g- ©go CE)g+, where g_|_ (resp. g_) is the sum of 
all eigenspaces of adx with positive (resp. negative) eigenvalues and go is the 
Qth QigQnspacc. Let be the connected Lie group with the Lie algebra g_|-. 
Recall that the algebra S'(g) of polynomial functions on g* carries the classical 
Poisson algebra structure, defined by {a.b} = [a,b] if a, 6 € g, and extended 
to 5(g) by the Leibniz rule. We shall identify g* with g via the bilinear form 
(. I .). The coadjoint action of G+ on q*^ can be conveniently thought of as the 
composition of its adjoint action on g_ C g with the projection 7r_ of g onto 
g_. the latter being canonically identified with g^ via the invariant form (. | .). 
Let / e g_, let O = G-|- • / be the coadjoint orbit of / in g_, and consider 
the G+-invariant submanifold O = 7rZ^(0) of g = g*. The ideal I consisting 
of functions from S{g) which vanish on O is not a Poisson ideal. Nevertheless, 
it is easy to check that the algebra P = (S'(g)//)*^+ of G^-invariants (which 
can be thought of as the algebra of functions on 0/G+) carries a well-defined 
Poisson bracket induced from that on S{g). The Poisson algebra P is called 
the Hamiltonian reduction of the (Hamiltonian) action of G+ on g* . (A more 
general setup is a Hamiltonian action of a group iV on a Poisson manifold X 
with the moment map fi : X ^ n*. Picking an A''-orbit O in n*, one obtains a 
Poisson manifold ijl~^{0)/N.) 

According to the general BRST idea, in order to quantize the Poisson algebra 
P, one should try to represent it as a homology of a complex (G, d), which can 
be quantized. 

This can be done, when the pair {x, /) is good, meaning that / e g_ is 

an eigenvector of adx with eigenvalue —1, such that its centralizer in g lies in 
g_ -|- go. The most important examples of such pairs come from the s£2-triples 
{e,h = 2x,f} ing. 



5 



One may replace 2+ by a slightly smaller subalgebra ris = s + fl>i, where s is 
an arbitrary subspace of 01/2 and 0>i is the sum of all eigenspaces of ad a; with 
eigenvalues > 1. It is easy to see [GG] that this does not change the Poisson 
algebra P. 

Let Ns be the connected Lie group with the Lie algebra n^. Then the orbit 
Ns ■ f of f in = 0_ is = / + [f,s], hence its preimage in g* = g is 
Os = f + [f,s] +00+0+- This is defined by the following equations in ^ e fl: 

(^|a) = (/|a) , a e , 

where tUs = ([/jB]-"- n 01/2) + 0>i, and _L stands for the orthocomplement in 
with respect to (. | .). Hence the ideal C 5(0) of all functions from S{g) 
which vanish on Og is generated hy {a — {f\a) \ a G m^} ■ It follows that the 
coordinate ring C[Os] = S{g)/Is can be represented as the 0**^ cohomology of 
the Koszul complex 

(S'(0) A(m,) , (Ik), 
where the degrees of elements of g (resp. nxs) are equal to (resp. —1), and 

dif(a) = 0, dKi^Pa) = a - {f\a) . 

Here a G and denotes the element of rris corresponding to a, under the 
inclusion rus C 0. 

The algebra P is the algebra of invariants of the group acting on the 
algebra C[C?5], which is the O"' Lie algebra cohomology of the complex 

(C[a,]®A(n;),di), 

where cIl is the standard Lie algebra cohomology differential of the ris-module 
C[Os]. Therefore the algebra P is isomorphic to the O"^ cohomology of the 
complex [KS] 

(S'(0)«)A(m, ©n*), dx + di). (0.4) 

If s is chosen in such a way that rris = n^, it is clear how to quantize this 
complex. Just replace S{q) by the universal enveloping algebra U{g) and replace 
A(ns (B nl) by the Clifford algebra on the space © n* with the symmetric 
bilinear form defined by the pairing between and n* . One can find such s by 
introducing the following non-degenerate skewsymmetric bilinear form on 01/2: 

{a,b) = {f\[a,b]), (0.5) 

and taking s to be any maximal isotropic subspace of 0i/2- 

Unfortunately in the Lie superalgebra case this may not work (since the 
bilinear form (0.5) is symmetric on the odd part of 01/2)- The way out is to 
choose s to be a co-isotropic subspace of 01/2 (the favorite choice is s = 01/2), 
so that ^ C 5, hence tUs C ris, and the space p = s/s^ ^ carries the induced 
non-degenerate bilinear form, also denoted by ( . , . ) . One then replaces the 
complex (0.4) by a quasi-isomorphic complex 

(5(0) A(n« © ® S{p) , d) (0.6) 
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where the degree of the elements of p is 0, and d is a suitable modification of 
the differential dx + cLl- This complex is again easy to quantize by replacing, 
as before, S{q) by U{q), A(ns ® n*) by the corresponding Clifford algebra and 
S{p) by the Weil algebra on the space p with the bilinear form ( . , . ). Finally, 
we write for the differential d the same formula as in the classical complex (0.6). 

The cohomology of the quantization of the complex (0.6) is an associative 
algebra, called the finite T4^-algebra associated to the triple (g, x, /), and denoted 
by W^'^{q,x, f). (In fact, this is the O"^ cohomology since the rest vanishes.) 

One associates to the same triple a family of vertex algebras Wk{Q,x, f), 
called affinc W-algebras, depending on a complex parameter fc, in a similar 
fashion, replacing the associative algebras by the corresponding vertex alge- 
bras. Namely, U{q) is replaced by the universal afiine vertex algebra ^'^(fl), 
and Clifford and Weil algebras are replaced by the vertex algebras of free su- 
perfermions Filins © nn<,«) and -F(p), where 11 stands for the change of parity. 
The differential d is replaced by rf(o) = 'R!eSzd{z), where the vertex operator d{z) 
is obtained by writing d = aAD, where D is an clement of the quantization of 
(0.6), and replacing all factors in D by the corresponding vertex operators and 
the associative products by normally ordered products. 

The first main result of the theory of W-algebras states that the associative 
algebra W^'^{q,x, f) (resp. vertex algebra W};{q,x, f)) is freely generated in 
the sense of Poincare-Birkhoff-Witt by elements attached to a basis of the 
centralizer of / in g (sec [KWl]). Thus, according to [DK], all of these W- 
algebras are universal enveloping algebras (resp. enveloping vertex algebras) of 
non-linear Lie algebras (resp. non-linear Lie conformal algebras). 

0.5 Some background remarks 

After the work of Zamolodchikov [Za] , a number of papers on affine T4^-algebras, 
appeared in physics literature, mainly as "extended conformal algebras" , i.e. 
vertex algebra extensions of the Virasoro vertex algebra. A review of the sub- 
ject up to the early 1990s may be found in the collection of a large number 
of reprints on VF-algebras [BS]. The most important work of this period is 
the work by Feigin and Frenkel [FFl, FF2], where the approach described in 
the previous subsection was introduced in the case of the principal nilpotent 
element /. Namely, they quantize the classical Hamiltonian reduction, intro- 
duced by Drinfeld and Sokolov [DS]. For example, if g = s^n, the Drinfeld- 
Sokolov classical reduction produces the Gelfand-Dikii Poisson algebras, while 
their Feigin-Frenkel quantization produces the Virasoro vertex algebra for n = 2 
and Zamolodchikov's algebra for n = 3. Further important contributions 
were made in [BT, ST, FKW, FB], and many other works. The framework 
described in (0.4) was developed in [KRW, KWl, KW2] and applied to repre- 
sentation theory of superconformal algebras: it turned out that in the case of 
minimal nilpotent orbits of small simple Lie superalgebras these VK-algebras are 
the N=l,2,3,4 and many other well-known superconformal algebras, which led 
to a further progress in their representation theory. Of course, in the quasi- 
classical limit of Wk{Q, X, /) one recovers the Drinfeld-Sokolov reduction and its 
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generalizations. For the most recent important development in representation 
theory of H^-algebras see [Al, A2]. 

The finite W-algebras were much less studied. Some of the few references in 
physics literature that we know of are [BTl. DV, RS]. More recently there has 
been a revival of interest in them in connection to geometry and representation 
theory of simple finite-dimensional Lie algebras, see [M, PI, P2, GG, BrK]. The 
earliest work is [Ko], where it was shown that the algebra H^''"(g, x, f) for the 
principal nilpotent / is canonically isomorphic to the center of U{q). 

It is proved in the Appendix, written jointly with A. D'Andrea, C. De 
Concini and R. Heluani, that the quantum Hamiltonian reduction definition 
of finite M^-algebras adopted in the paper and the definition via the Whittaker 
models which goes back to [Ko] (see [PI, GG]) are equivalent. This result was 
independently proved in [A2]. In fact in [A2] the result is stated only in the 
case of principal nilpotent /, cf. [KS], but the proof there can be adapted to the 
general case. The connection to the Whittaker models may be given as another 
reason for the name "W-algebras". 

0.6 The main results of the paper 

The definition and structure theory of finite and affine VF-algebras arc very 
similar, but, as far as we know, the precise connection between them has been 
unknown. The main new result of the present paper answers this question: the 
algebra VF^"(0, x, /) is the iJ-twisted Zhu algebra Zhu^WkiQ, /)i where H = 
Lq comes from the energy-momentum field of the vertex algebra Wk{8, x, /). In 
the case of the principal nilpotent / this result has been independently obtained 
by Arakawa [A2] (cf. [FKW]). 

In conclusion of the paper we introduce the notion of a Zhu algebra of a 
Poisson vertex algebra and discuss its connection to the Zhu algebra of a vertex 
algebra via the quasiclassical limit. As a result, the quantum and classical affine 
W^-algebras on the one hand, and the finite H^-algebra and the Poisson algebra 
of the Slodowy slice on the other hand, are tied in one picture. 

Though, for simplicity, we assumed above that g is a Lie algebra, we work 
in the more general situation of a simple finite-dimensional Lie superalgebra 
with a non-degenerate supersymmetric invariant bilinear form, as in [KRW, 
KWl, KW2]. This is important due to applications to representation theory 
of superconformal algebras. Thus, throughout the paper we shall always talk 
about Lie superalgebras. Lie conformal superalgebras, associative superalgebras, 
etc., unless otherwise stated. However, we shall often drop the prefix "super". 

We wish to thank Bojko Bakalov for many illuminating discussions. In 
particular it was his suggestion to introduce h in Zliu's definition of the Zhu 
algebra, which led us to the definition of ?i-deformed vertex operators. He also 
helped us with the proof of Theorem 2.30. 

The main results of the paper were reported in June 2005 at the summer 
school in ESI, Vienna. 

All vector spaces, algebras and their tensor products are considered over 
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the field of complex numbers C, imless otherwise stated. We denote by M, R+, 
Z, Z+ and N the sets of real numbers, non negative real numbers, integers, 
non- negative integers and positive integers, respectively. 

1 Five equivalent definitions of a vertex algebra 

1.1 Vector superspaces 

Let V = Vq (B Vi he a vector superspace, i.e. a vector space, endowed with 
a decomposition in a direct sum of subspaces Va, where a S Z/2Z = {0,1}. 
U V e Va, one writes p{v) = a and calls it the parity of v. One has the 
associated vector superspace decomposition, which makes Endl^ an associative 
superalgebra (i.e. a Z/2Z-graded associative algebra) 

Endy = (Endy)o (Endl/)i , 

where (EndV)a = {a G EndF | aVg C Va+p}- One defines the bracket on an 
associative superalgebra A by 

[a,b] = ab — p{a,b)ba , (1.1) 

which makes A a Lie superalgebra. Here and further we use the notation 

p{a,b) = (-l)fWfW, s{a) = (-l)^('^) , (1.2) 

and, when a formula involves p{a,), we assume that a is homogeneous with 
respect to the Z/2Z-grading, and extend this formula to arbitrary a by linearity. 

1.2 The first definition and the Extension Theorem 

The first definition of a vertex algebra, given in the beginning of the introduction 
in the case of a vector space V, extends to the super case as follows. (We shall 
work in this generality.) 

Definition 1.1. A vertex algebra is a quadruple {V, |0), T, J^), where V = 
Vq (B Vf is a vector superspace, called the space of states, |0) is an element 

of Vq, called the vacuum vector, T is an even endomorphism of V, called the 
infinitesimal translation operator, and J-" is a collection of EndF- valued quantum 
fields, i.e. 

where for each j G J all a^^^^ G Endy have the same parity, and for every b G V 
we have a(„)^ = for n » 0. The above data satisfy the following axioms: 

(i) vacuum: T|0) = 0, 

(ii) translation covariance: [T,a^z)] = dzU^ (z). 
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(iii) locality: {z - w)^^ [a^z), a''{w)] = for some Njk G Z+, 

(iv) completeness: V = spanc{a|Jj^^ . . . |0)}- 

The commutator in the locality axiom is defined by (1.1). 

In order to pass to the second definition, we need the following simple 

Lemma 1.2. Let V be a vector superspace and let fl & Vq, T E {EndV)^, 
be such that Tfl — 0. Let a{z) = X^ngz ^(n)^"""""^ a translation covariant 
EndV -valued quantum field, i.e. [T,a{z)] = dza{z). Then a(„)f2 = for all 
n e Z+. 

Proof. Recall that a(„)ri = for all n > N, where N is a, sufficiently large 
non- negative integer. Choose minimal such N; we have to show that N = 0. 
By assumption we have for all n €Z: 

[T,a^n)] = -na^n-i)- (1-3) 

Applying both sides to for n = N, wc have: Tafif-jO, = — A'a(/^_i)f2. Hence, 
if A" > 0, we obtain a(jv-i)^ = 0, a contradiction. □ 

Let (V, \0),T,!F) be a vertex algebra. Let T be the set of all EndX^- valued 
quantum fields a{z), which are translation covariant, i.e. [T, a(z)] = dza{z). By 
Lemma 1.2, we have 

a{z)\0) e V[[z]] , iia{z)e^, (1.4) 

which allows us to define the linear map 

s:^^V, s{a{z))=a{z)\0)U=o- (1-5) 

We next define the n**^ product of End^-valued quantum fields, for n e Z: 

a(t«)(„)6(w) = Resz{iz,w{z -w)"'a{z)b{w) -p{a,b)i-uj^z{z -w)"'b{w)a{z)) , (1.6) 

where iz,w denotes the power series expansion in the domain \z\ > \w\. 

Lemma 1.3. (a) The n*'* product of two EndV -valued quantum fields is an 
EndV -valued quantum field. 

(b) If a{z), b{z) are translation covariant EndV -valued quantum fields, so are 
dza{z) and a{z)(^n)b{z) for every n G Z. 

(c) If(a(z), b{z)) is a local pair of EndV -valued quantum fields, so is {dza{z), b{z)). 

(d) If {a{z),b{z),c{z)) is a collection of pair wise local EndV -valued quantum 
fields, then {a{z) (^n)b{z) , c{z)) is a local pair for every n G Z. 

Proof, (a) is straightforward, (b) follows immediately by the definition (1.6) of 
n^^ product of fields, (c) is easy and (d) is known as Dong's Lemma. Its proof 
can be found in [K, Lemma 3.2]. □ 
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Lemma 1.4. (a) If a{z),b{z) G a{z) = J2nei,^in)Z " ^, and s{a{z)) = 

a, s{b{z)) =■ b, then s{a{z)(^n)b{z)) — a(„)6 and s{dza{z)) = Ta. 

(b) If a{z) £ T, then a{z)\0) = e'^^a, where a = s{a{z)). 

Proof. To prove the first part of (a), apply both sides of (1.6) to |0). Since 
a{z)\0) e V[[z]] by (1.4) and iw,z{z — w)" involves only non-negative powers of 
z as well, the second term of the RHS of (1.6) applied to |0) vanishes. Hence 
(a(w)(„)6(w))|0)|^=o = ReSzZ^a{z)b = 0(„)6. The second part of (a) is imme- 
diate by applying the translation covariance to |0) and putting z = 0. Finally 
(b) is obtained by looking at the Taylor expansion of a{z)\0), and using the 
identities 9"a(z)|0)|z=o = T"a, given by (a). □ 

Denote by J-' the minimal subspace of the space of all Endy-vahied quan- 
tum fields, containing ly and which is Q^-invariant and closed under all n*'' 
products. We can construct T' as follows. Define by induction an increasing se- 
quence J-'k, fc > 0, of subspaces of the space of End!/- valued quantum fields, by 
letting .Fo = spanc{/y , JT}, and J"fe+i = J'fc + ( J2i>o <^l^k) + ( I]„ez ^k{n)^k)- 
Then T' = Uj^,>Q J^k- We also let be the collection of all EndF- valued quan- 
tum fields which are translation covariant and local to all elements of J^. By 
Lemma 1.3 we have the following inclusions: 

J= <Z T' d T <Z T . (1.7) 

Theorem 1.5. Let (V, |0),r, JF) he a vertex algebra. Then 

(i) (y, |0),T, .F) is also a vertex algebra. 

(ii) The map s : ^ ^ V , defined by (1.5), is bijective. 
(Hi) T' = T. 

Proof. Lemma 1.3 guarantees that J-^' is a collection of translation covariant 
pairwise local fields, and that all pairs of quantum fields (a(z), b{z)), with a{z) e 
T' and &(z) G JF, are local. In particular (V, |0), T, JF') is a vertex algebra. 
Hence, by Lemma 1.4(a) and the completeness axiom, the map s : J-' ^ V \& 
surjective. Let now a{z) G .F be such that s(a(z)) = 0. In particular 0(2) |0) = 
by Lemma 1.4(b). Since ,s : T' ^ V 'ya surjective, for each b € V there exists 
b{z) G F"' such that s{b{z)) = b. We have, by locality of the pair {a{z), b{z)), 

{z - w)^ a{z)b{w)\0) = p{a, b){z - w)^ b{w)a{z)\Q) = . 

Letting w = Q and canceling z^ , we get a{z)b = for every b V, hence 
a{z) = 0. Thus, the map s : F" ^ ^ is injective. Since s : F"' ^ ^ is surjective 
and, by (1.7), F"' C F", we immediately get that F"' = F" and that s : F" — > F is 
bijective. □ 

Rem,ark 1.6. Theorem 1.5 implies the Existence Theorem 4.5 from [K] with the 
assumption (iii) and part of assumption (ii) removed. Lemma 1.2 was pointed 
out by Nikolov and Todorov (this property is an axiom in [K]), see also Re- 
mark 4.4b in [K]. 
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Lemma 1.4(a), and Theorem 1.5 and its proof imply the following 

Corollary 1.7. Let (V, |0}, T, J-) he a vertex algebra. Then for each a <E V there 
exists a unique EndV -valued quantum field F(a, z) which is translation covariant 
and local with all quantum fields from T, and such that Y{a, z)\0)\z=o = a. 
Furthermore, one has: 

Y{\0),z) = Iv, (1.8) 
Y{Ta,z) = d,Yia,z), (1.9) 
y(a(„)6,0) = Y{a,z)^n)Y{b,z). (1.10) 

1.3 The second definition of a vertex algebra 

We arrive at the second, equivalent definition of a vertex algebra, which was 
given in [K]. 

Definition 1.8. A vertex algebra is a triple {V, |0),y), where F = Vg ® Vj is 

a vector superspacc (the space of states), |0) G is a vector (vacuum vector), 
and y is a parity preserving linear map from V to the space of EndV- valued 
quantum fields: Y{a) = Y{a,z) = X^nez '^(n)-^""""^ > called the state-field corre- 
spondence. The infinitesimal translation operator T is encoded in the state-field 
correspondence via the formula 

ra = a(_2)|0). (1.11) 

The axioms are as follows, 

(i) vacuum: T|0) = 0, Y{a, z)\0)\z=o = a, 

(ii) translation covariance: [T,Y{a, z)] = dzY{a, z), 

(iii) locality: {z - w)^[Y{a, z), Y{b, w)] = for some N 

Notice that the definition (1.11) of the infinitesimal translation operator 
follows from (1.9) by applying both sides to |0) and putting z = 0. We thus 
have proved already that the first definition implies the second. The converse 
is obvious, just define T by (1.11) and let = {Y{a, z)}aev- The completeness 
axiom is automatic since, by the vacuum axiom, 

a = a(_i)|0) foraGF. (1.12) 

Note also that we automatically have (1.8), (1.9) and (1.10) for all a,b &V. 

1.4 Borcherds identity and the third definition of a vertex 
algebra 

Formula (1.10), called the n**^ product identity, leads to the most important 
formula of the theory of vertex algebras, called the Borcherds identity. In order 
to derive it from (1.10), recall the simple decomposition formula, which holds 
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for any local formal distribution a{z, w) = ^(m.n)-^ 
w, where by locality one means that {z — w)^a{z, iv) = for some N gZ+ (see 
[K, Corollary 2.2]): 

a{z, H = E (^H9iS{z - w)/j\ , (1.13) 

where the sum is finite (actiially j < N) , the quantum fields c' (w) are given by 
cJ{w) = Res^(z — wya{z,w) , (1-14) 
and S{z — w) is the formal delta function, defined by 

5{Z - W) = iyj^z = Z " ^ ( — ^ . (1.15) 

z — w z — w ^ \ z J 

The Borcherds identity reads: 

Y{a, z)Y{h, w%,Uz - w)" - p(a, b)Y{b, w)Y{a, z)i^,,{z - w;)" (1.16) 

= y{a{n+j)b,w)di,5{z-w)/j\, 

for all n £ Z and a,b G V. Note that the sum on the right is finite since 
o-(N)b = for iV 3> 0, because Y{a, z) is a quantum field. 

In order to prove (1.16), note that the LHS is local, since, multiplied by 
{z — w)^ , it is equal to 

Y{a, z)Y{h, w%,^{z - «;)"+^ - p{a, b)Y{b, w)Y{a, b)i^,,{z - w)"+^ , (1.17) 

which is [Y{a,z),Y{b,w)]{z - w)"+^ if n + N > 0. We thus apply the de- 
composition formula (1.13) to the LHS. By (1.14), (1.15) and (1.17), we have 
c^{w) = Y{a,w)(^n+j)Y{b,w). We then apply (1.10) to obtain (1.16). 

A special case of (1.16), for n = 0, is the commutator formula (a, b G V): 

[Y{a, z), Yib, w)] = J2 Y{au)b, w)di6{z - u;)/j! . (1.18) 

We thus arrive at the third definition of a vertex algebra: 

Definition 1.9. A vertex algebra is a triple iy, |0),y), where V and |0) are as 

in Section 1.3 and Y is an injcctivc state-field correspondence a Y{a, z), such 
that (1.8) and the Borcherds identity (1.16) hold. 

In order to prove that this definition implies that first one, and for fur- 
ther use, we shall digress now to the important notion of the normally ordered 
product of EndF- valued quantum fields a{z) = J2nei.^in)^~"'~'^ ^^'^ K^)- Let 

7i<0 n>0 
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and define the normally ordered product by 

: a{z)b{z) := a{z)+b{z) + p{a,b)b{z)a{z)- . (1.19) 
Using the formal Cauchy formulas 

Resza(z)iz,w — - — = aiw)+ , ReSza(z)iyj, — - — = -a(w)- , 
z — w z — w 

and the observation that dz{a{z)±) = {dza{z))±, we deduce from (1.6) for n G 
Z+: 

a{w)^.„-i)b{w) =: idZaiw))biw) : /n! . (1.20) 

Returning to the third definition, note that commutator formula (1-18) 
imphes locaUty of the pair Y{a,z), Y{b,z), since a^^b = for j » and 
{z — w)^+^9^(5(z — w) = 0. Next, notice that the n**^ product formula (1.10) 
follows from the Borcherds identity by taking Res^ of both sides. Letting b = |0) 
in (1.10) and using (1.8) and (1.6), (1.20), we obtain: 

r(a(„)|0),z) = , forneZ+, (1.21) 
y(o(_„_i) |0), z) = d^Y{a, z)/n\ , for n G Z+ . (1.22) 

It follows by injectivity of the state-field correspondence that 

a(„)|0) = Sn^^ia , for n > —1 . (1.23) 

The latter formula for n = —1 implies the completeness axiom of the first 
definition. 

Next, define T € EndV by (1.11). Then T|0) = due to (1.8), which is the 
vacuum axiom of the first definition. Letting n = 1 in (1.22), we obtain (1.9), 
which implies that Y{T"-a,z) = 5"F(a, 2;). Applying both sides of the latter 
formula to |0) and letting z = (which is possible due to (1.13)), we obtain 

Y{a,z)\0) = e'''^a. (1.24) 

Applying both sides of the n^^ product identity to |0) and using (1.24), we 
obtain: 

e^^(a(„)5) = (r(a,z)(„)r(&, z))|0). 

Differentiating both sides by z and letting 2: = 0, we obtain, using (1.9) and 
(1.23): 

T(a(„)6) = (Ta)(„)6 + a(„)T6 . (1.25) 

Finally, the equivalent form (1.3) of the translation covariance axiom follows 
from (1.25) and the formula 

(Ta)(„) = -na(„_i) , (1.26) 

which is an equivalent form of (1.9). This completes the proof of the equivalence 
of the third and the first definitions. 
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The vertex operators Y{a,z) = J2nei.'^(n)^~"~^ allow one to define n^^ 
bilinear products on V for each n G Z by the obvious formula a(„)6 = the 
operator a(„) applied to vector b. Recall that we have (see (1.8) and (1.23)): 

|0)(„)a = (5„^_ia for n G Z , a(„) |0) = (5„^_ia for n > — 1. (1-27) 

Applying both sides of identity (1.16) to c £ V and comparing coefficients 
of z~'^~^w~''~^ , we obtain the original form of the Borcherds identity: 

H J {o'{m+n-j){b{k+j)c) - (-l)Xa,6)6(„+fe_j)(a(„+j)c)) (1.28) 

= XI ( )(«(n+j)^)(m+fc-j)C 

for all a,b,c G V, m,n,k E Z. 

It is easy to see that the third definition of the vertex algebra is essentially 
the same as the original Borcherds definition as a vector (super)space V with 
a vacuum vector |0) and C-bilinear products a(„)6 for each n S Z, such that 
(1.27) and (1.28) hold. 

From this point of view all the standard algebra notions of a homomorphism 
and isomorphism, subalgebras and ideals, carry over to vertex algebras in the 
obvious way. Note that the right ideals are automatically T-invariant due to 
(1.20). Also, right ideals and T-invariant left ideals are automatically two-sided 
ideals, due to (1.11) and the simple skewsymmetry relation (see [FHL], [K, 
(4.2.1)]): 

Y{a, z)h = p(a, 5)e^^r(&, -z)a . (1.29) 

1.5 Lie conformal algebras and the fourth definition of a 

vertex algebra 

For the fourth definition of a vertex algebra we need the definition of a Lie 
conformal algebra [K, D'K]. 

Definition 1.10. A Lie conformal superalgebra is a Z/2Z-graded C[T]-module 

R = Rjj (S Rj: endowed with a parity preserving C-bilinear A-bracket ii (8> -R — > 
C[A] (8) R, denoted by [a\b], such that the following axioms hold: 

(sesquihnearity) [Taxb] = -X[axb], T[axb] = [Taxb] + [axTb], 

(skewsymmetry) [bxa] — ~p{a,b)[a-x-Tb], 

(Jacobi identity) [aA[&/:iC]] - p{a, b)[bx[a^c]] = [[axb]x+nc]. 

One writes [axb] = X)riez+ ^("^C")^)' "^ti^re the sum is finite, and the bilinear 
products a(„)6 are called the n*'' products of R. The expression [a^x-Tb] in the 
skewsymmetry relation is interpreted as J2jei-+ — n\ ('^(ra)^)- Of course, A 
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and ji arc (even) indcterminates. Thus, the skewsymmetry relation is equivalent 
to the following identities (n G Z+): 

6(„)a = p{aM ^ (-l)"+^+ir^(a(„+,.)6)/j! . (1.30) 

Similarly, the Jacobi identity is equivalent to the following identities (m, n € 
Z+): 

a(m){b(n)c) - p{a,h)b(n){a(m)c) = ^ {^^{a(i)b)(^+n-i)C ■ (1-31) 



Define the formal Fourier transform by 

F^a{z) = Res^e^'^a(z) . 

It is a linear map from the space of /7-valued formal distributions to J7[[A]], and 
it has the following properties, which are immediate to check: 

F^dMz) = -\F^a{z) (1.32) 

F^{e^^a{z)) = F^+^a{z)iia{z)&U{{z)), (1.33) 

F^a{-z) = -F-^a{z), (1.34) 

F^dl6{z-w) = e^"'A". (1.35) 

Note that (1.30) for all n e Z is an equivalent form of (1.29), and (1.31) for 
all m, n G Z is an equivalent form of (1.18). This is not surprising in view of 

the following proposition [K]. 

Proposition 1.11. Define a X-bracket on a vertex algebra V by 

[axb]=F^Y{a,z)b. 
Then the C[T]-module V with this X-bracket is a Lie conformal algebra. 

Proof. The sesquilinearity relations follow from (1.26) and (1.25) for n G Z_|_. 
Applying F^ to both sides of (1.29) and using (1.33) and (1.34), we get the 
skewsymmetry relation. In order to prove the Jacobi identity, apply F^ to the 
commutator formula (1.18), applied to c, and use (1.35) to obtain: 

[axY{b,w)c] =p{a,b)Y{b,w)[axc]+e^'"Y{[axb],w)c. (1.36) 

Applying F^ to both sides of this formula, we get the Jacobi identity. 

□ 

Next, define the normally ordered product on V by 

: ab := a(_i)6 (= ReSzZ~^Y{a, z)b) 

and recall that a(o) = ReSzY{a, z). The following proposition is an immediate 
corollary of identity (1.36). 
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Proposition 1.12. (a) The operator O(o) is a derivation of all n*'' products 
of V, and it commutes with T. Consequently, Ker a(o) is a subalgebra 
of the vertex algebra V, and its intersection with Ima^Q-^ is an ideal of 
Kera^Q). 

(b) One has the following identity for all a,b,c£ V: 

[ax : be :] =: [axb]c : +p{a, b) : b[axc] : + / [[aA^j^iC] dfj. . (1.37) 

Jo 

Proof. The first (resp. second) part of (a) follows from (1.36) (resp. the sec- 
ond sesquilincarity relation) by letting A = 0. (b) is obtained from (1.36) by 

comparing coefficients of u>" . □ 

Formula (1-37) is called in [K] the non-commutative Wick formula. It is ex- 
tremely useful in calculations of the commutators of normally ordered products 
of quantum fields. 

Skewsymmetry of the A-bracket and (1-37) imply the right non-commutative 
Wick formula [BK]: 

.A 

[: ab :x c] =: {e'^^^ a)[bxc] : +p{a, b) : {e^^^b)[axc] : +p{a, b) / [b^[ax-^,c]] dfi . 

Jo 

(1.38) 

The normally ordered product is not commutative, however, taking the co- 
efficient of of the skewsymmetry relation (1.29), we obtain the "quasicom- 
mutativity" , which can be written in the following form: 

:ab:-p{a,b):ba:=J [axb]dX. (1.39) 

Likewise, this product is not associative, but, taking the coefficient of 2° of the 
— 1^' product identity, i.e. (1.10) for n = —1, we obtain the "quasi-associativity" , 
which can be written in the following form: 

:: ab : c :-: a : be ■.:=■.{ ( dXa)[bxc] : +p{a,b) : { [ dXb)[axc] : . (1.40) 
Jo Jo 

The integrals in formulas (1.39) and (1.40) are interpreted as follows: expand 
the A-bracket and put the powers of A on the left, under the sign of integral, then 

take the definite integral by the usual rules inside the parenthesis. For example 

we have : (J^ dXa)[bxc] : = : {J^l J2j>o ^dXa){b(j)e) : = Y.j>o ■ ^pT^(^(i)c) : 

= Ej>oa(-j-2)(^0)c). 

We thus arrive at the fourth definition of a vertex algebra [BK] . 

Definition 1.13. A vertex algebra is a quintuple (V, |0), T,[. x. ],■■), where 

(i) {V,T,[. X ■]) is a Lie conformal superalgebra. 
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(ii) {V, |0),T, : :) is a unital differential (i.e. T is a derivation) superalgebra, 
satisfying (1.39) and (1.40), 

(iii) the A-bracket [ . a • ] and the product : : are related by the non-commutative 
Wick formula (1.37). 

We have shown that the fourth definition follows from the previous ones. A 
proof of the fact that the fourth definition implies the first one can be found in 
[BK]. 

Remark 1.14. It is proved in [BK] that one can replace the quasi-associativity 
axiom (1.40) with a weaker version of it, namely the condition that the associator 
:{: ab :)€■. — : a{: be ■.): is symmetric in a and b, or, equivalently, 

: a(: be :) : —p{a, b) : b{: ae ■.): = ■. {: ab :)c : —p{a, b) : (: ba :)c : . (1-41) 
1.6 Conformal weight 

Lot (V, |0),T, y) be a vertex algebra. Recall that a diagonalizablc operator H 
on the vertex superspace V is called a Hamiltonian operator if equation (0.2) 
holds; the eigenspace decomposition for H: 

V = ®AecV[A] (1.42) 

is called the H-grading of V. If a is an eigenvector of H, its eigenvalue is called 
the conformal weight of a and is denoted by or A(a). 

Proposition 1.15. A decomposition (1-42) is an H-grading of V if and only 
if either of the following two equivalent properties holds: 

(i) If for a G 1^[A] we write Y{a,z) = '^aei.-A^nZ~"'~^ , then 

[H,an] = -nan- (1-43) 

(ii) IfaG V[Aa\, b e V[Ab\, n G Z, then 

Aa(„)6 = A„ + A6-n-l. (1.44) 

Proof. It is immediate to see that (0.2) and (1.43) are equivalent. We have, by 
definition, 

a(n) = an-A^+i , nGZ, a™ = 0(m+A<,-i) , meZ-Aa. (1-45) 
Hence (1.44) is equivalent to 

Aamb = Aa^^^^^_^^b = Ab-m, mGZ-Aa, 
which is in turn equivalent to (1.43), by applying both sides to b. □ 
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Remark 1.16. Notice that, using (1.11) and (1.12), we get from (1.44) that 

A|0)=0, ATa = A„ + l. (1.46) 

Formulas (1.44) and (1.46) show that e^'^*^ is an automorphism of the vertex 

algebra V. (However, the _ff-grading is not a vertex algebra grading.) 

In the most important case, when the Hamiltonian operator comes from an 
energy- momentum field Y{L,z), i.e. H = Lq (see Subsection 0.3), its eigenvec- 
tor a & V has conformal weight A if and only if 

[Lao] = (T + AA)a + 0(A2) . (1.47) 

In the case when [L\ci\ = (T-|- AA)a, the vector a and the corresponding vertex 
operator Y{a, z) are called primary. This is equivalent to L„a = ^„,oAa for all 
n e z+. 

Taking the formal Fourier transform of both sides of (0.2) applied to b, we 

obtain the definition of a Hamiltonian operator on a Lie conformal algebra R, 
as a diagonalizable operator H on R such that 

[Ha xb] + [ax Hb] = {H + Xdx + lR)[a x b] . (1.48) 

The most important example comes from a conformal derivation L of R, such 
that L(Q) = T, and = H is diagonalizable (cf. (1.47)). 

1.7 Universal enveloping vertex algebrcis of Lie conformal 

algebras 

A fairly general and very important class of vertex algebras is obtained from 
regular formal distribution Lie algebras as their universal enveloping vertex 
algebras [K]. 

Recall that a formal distribution Lie (super) algebra is a pair (0,.F) where Q 
is a Lie (super) algebra and .F is a local family of g- valued formal distributions 
{a^{z) = ^(n)'^~"~^}ie-^' '^liose coefficients a|^^ span g. Recall that local- 

ity means that (z — [a*(z), aP (w)] = for some Nij G Z+ and all i. j G J. 

The formal distribution Lie super algebra {q,J-) is called regular if there exists 
a derivation T of the algebra g, such that 

Ta\z) = d.aHz) , jGJ. (1.49) 

Due to Dong's lemma (see e.g. [K], Lemma 3.2), the minimal family of q- 
valued formal distributions containing J^, which is 9^-invariant and closed under 
all products (cf. (1.6)) 

= Res2(2; - wy [a{z), b{w)] , j e Z+ , 
is again local. Hence, by (1.13) and (1.14) we have for each pair a{z), b{w) e f^: 
[a{z), b{w)] = J2 ici{w)^^)b{w))di6{z - w)/j\ , (1.50) 
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where the sum is finite by locality. In terms of coefficients, equation (1.50) can 
be written as follows: 

[a{m),b(n)] = X] [^]iHj)^\rn+n-j), (1-51) 

where (a(j)6)(„) = Res^7i;"a(?«)(j)&(w). 

Denote by 0_ C g the span of all a(m) with a{z) ^ T, m € Z_|_. It follows 
from (1.51) that g_ is a subalgebra of the Lie superalgebra g (it is called the an- 
nihilation subalgebra) and, moreover, since (1.49) for a{z) means that T(a(„)) = 
— na(„_i), Q- is a T-invariant subalgebra. Let V = V{q,J^) = U{g)/U{Q)g-, 
and let |0) denote the image of 1 G U{q) in V. Extending T to a derivation 
of U{q), we get the induced endomorphism of V, which we again denote by T. 
Finally, each g- valued formal distribution (z) € J- induces an EndV^- valued 
distribution, which we again denote by a^z), via the representation given by 
the left multiplication, so that (1.50) still holds. Hence T = {a^z)}j^z is again 
a local system. Moreover, the a^{z) are quantum fields. Indeed, for each mono- 
mial V = • • • C'(^^)|0) S V one easily checks by induction on s, using (1.51), 
that = for n ^ 0. Thus, all axioms of the first definition of a vertex 

algebra hold, and we obtain 

Theorem 1.17. {V{g,J^), \0),T,J^) is a vertex algebra. 

The vertex algebra V{g,T) is called the universal enveloping vertex algebra 
of the regular formal distribution Lie algebra {q,J- ). 

Remark 1.18. Note that is a T-module. Define a A-bracket on .F by (cf. (1.50)): 
[a\b] = 71" (^(j)^)- difficult to show (see [K]) that we thus define 

on ^ a structure of a Lie conformal algebra. 

A special case of the above construction is the universal enveloping vertex 
algebra V{R) of a Lie conformal algebra {R,T, [.a-])- First we construct the 
maximal formal distribution Lie algebra (LieR,R), associated to R, by letting 
[K]: 

Lici? = R[t, t-^]/{T + dt)R[t, tr^] 

with the bracket given by (1.51), where a(„) stands for the image of af" in Liei?, 
and the family of Liei?- valued formal distributions {a{z) = ('■{n)Z~'^~^}aeR- 
Then (Liei?, R) is regular since T{= —dt) on Lieii satisfies (1.49), and the image 
of R\t\ in Liei? is the annihilation subalgebra. 

Then V{R) = ^(Liei?, i?) is called the universal enveloping vertex algebra 
of the Lie conformal algebra R. 

It is easy to show that the map a i-^ at~^\0) defines a Lie conformal algebra 
embedding: i? ^ V{R). Moreover, it is easy to see that in V{R): 

: aB := aB if a e R , Be V{R) , (1.52) 

where the product on the right is the product of C/(Liei?). 
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Definition 1.19. A set of elements B = {at | z £ X} strongly generates a vertex 
algebra V if the monomials : aj^aj^ • span V. Here and further the 

normally ordered product of s > 2 (resp. s = 0) elements is understood from 
right to left (resp. is |0)). An ordered set of elements B = {a^ 1 1 S X} freely 
generates V if the monomials : aj^ . . . Uj^ : with < jr+i^ and jr < jr+i when 
p{^Ot-) = i, 1 < < s, form a basis (over C) of V. 

Proposition 1.20. (a) The inclusion R ^ V{R) satisfies the universality 
property , similar to that of the inclusion of a Lie algebra in its universal 
enveloping algebra. 

(b) Any ordered basis (over C) of R freely generates V{R) . 

Proof. It follows from the corresponding properties of the universal enveloping 
algebras of Lie (super)algebras. For example, in order to prove (b), we use the 
decomposition 

Liei? = Rt-'^® (LieR)- , 

as direct sum of subspaces, which follows by the identity at~"~^ = {T'^a/n\)t~^ 
in (Liei?)_. Hence i?(~ Rt'^) freely generates V{R) U{Rt-^) by the PBW 
Theorem for ordinary Lie algebras. □ 

An equivalent construction of V{R), purely in terms of the Lie conformal 
algebra R, is as follows [BK, GMS]. Denote by i?^ the Lie (super) algebra 
structure on R, defined by (cf. (1.39)) [a, 6] = /^y[aA6]rfA, and let U{Rl) be 
its universal enveloping (super) algebra. Then U{Rl) carries a unique structure 
of a vertex algebra with |0) ~ 1, with T, extended from Rl to U{Rl) as a 
derivation, the A-bracket defined on Rl as on R, the normally ordered product 
defined by (cf. (1.52)) 

■.aB:=aBifaeRL, B€U{Rl), 

and the A-bracket and normally ordered product extended to U{Rl) by (1.37), 
(1.38), (1.39), (1.40). The vertex algebra isomorphism U{Rl) ^ V{R) is in- 
duced by the map a i— > O(_i)|0), a S Rl- 

Remark 1.21. It is easy to see that a Hamiltonian operator on a Lie conformal 
algebra R, defined by (1.48), extends uniquely to a Hamiltonian operator of the 
vertex algebra V{R). 

1.8 Three examples of vertex algebrais and energy- 
momentum fields 

The most important examples of regular formal distribution Lie superalgebras 
and the associated universal enveloping vertex algebras are the following three. 
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Universal affine vertex algebra 

Let = + gj be a simple finite-dimensional Lie superalgebra with a non- 
degenerate supersymmetric invariant bilinear form ( . | . ) . Recall that "super- 
symmetric" means that the form ( . | . ) is symmetric (resp. skewsymmetric) on 
Qq (resp. Qi) and (gglfli) = Oj "invariant" means that ([a, 6]|c) = (a|[6, c]). 

The Kac-Moody affinization is the formal distribution Lie superalgebra (g, T), 
where q = Q[t,t~^] © CK is the Lie superalgebra with parity given by p{t) = 
p{K) = 0, and Lie bracket (a, b G g, m,n gZ) 

[ar, bt"] = [a, 6]r+" + m{a\b)6m,-nK , [K,g]=0, (1.53) 

and is the following collection of g- valued formal distributions: 

JT = |a(^) = ^(ai")^-"-^ a€Q}u{K}. 

n 

Notice that the collection is local since an equivalent form of (1.53) is 

[a{z),b{w)] = [a,b]{w)6{z-w) + {a\b)Kd-a;d{z-w), [a{z),K] = 0. (1.54) 

The pair (g, is regular with T = — ^. Hence we have the universal enveloping 
vertex algebra V{q,J^). 

Given k gC, the subspace {K — k)V{Q, !F) is an ideal of V{q, T). The vertex 

V\Q) = V{Q,T)/{K-k)V{Q,F) 

is called the universal affine vertex algebra of level k. Note that the Lie con- 
formal algebra associated to (g, J^) is 

Curg = (C[r] (5)0) ©CK , [axb] = [a,b] + X{a\b)K , [axK] = = [KxK] , 

for a, 6 G 1 ® g. It is called the current Lie conformal algebra. It is easy to see 
that 

y(Curg) = F(g,JF). (1.55) 

Femionic vertex algebra 

Let A = Aq+Ai be a vector supcrspace with a non-degenerate skew-supersymmetric 
bilinear form ( . , . ) . Recall that "skew-supersymmetric" means supersymmetric 
if the parity of A is reversed. The Clifford affinization is the formal distribution 
Lie superalgebra {A, T) , where 

A = A[t,t-^]®CK, |a(z) = ^(ai")^-"-i a e U {if } , 

and the bracket on A is defined by 

[at"", br] = {a, b)5m,-n-iK , [K,A]=0, (1.56) 



22 



or, equivalently, by 

[a{z), b{w)] = {a, b)5{z - w)K , [a{z), K]=Q. (1.57) 

For the same reason as above, [A, T) is a regular formal distribution Lie super- 
algebra, hence we obtain the universal enveloping vertex algebra V{A,T). The 
vertex algebra 

F{A) = V{A,T)/{K-l)V{A,T) 
is called the fermionic vertex algebra, attached to {A, ( . , . )). 

Remark 1.22. It is important to point out that the properties of V''{g) depend 

essentially on k (for example it is simple for generic fc, but not simple for a 
certain infinite set of values of k), whereas all F'^(A) are isomorphic (and simple) 
if A; ^ 0, that is why we put A; = 1. 

The fermionic Lie conformal algebra, associated to {A,J^), is 

{C[T] ® A) © C/sT , [a^b] = {a, b)K , [axK] = = [KxK] , 
for o, 6 e 1 (8) A, and we have an isomorphism, similar to (1.55). 

Universal Virasoro vertex algebra 

This example is constriictcd starting with the formal distribution Lie super- 
algbera (Vir, .F), where Vir — (0„£zCL„) © CC is the Virasoro Lie alge- 
bra, with Lie bracket as in (0.3) with c replaced by C, and = {L{z) = 
J2n LnZ~"'~'^ , C}. Locality holds since (0.3) is equivalent to 

[L{z), L{w)] = d^L{w)5{z -w) + 2L{w)d^5{z - w) + ^di6{z - w) , (1.58) 

and the pair (Vir, .F) is regular with T = The vertex algebra (c G C) 

= V{Vh,J^)/{C - c)F(Vir,.F) 

is called the universal Virasoro vertex algebra with central charge c. 

Note that the associated Lie conformal algebra, called the Virasoro Lie con- 
formal algebra, is 

(C[T]0L)®CC, [LxL] = iT + 2X)L+^C , [LxC] = = [CxC] , (1.59) 
and an isomorphism similar to (1.55) holds. 
Energy-momentum fields 

We conclude this section by constructing energy-momentum fields Y{L, z) for 
each of the above examples, so that H = Lq = L(i) is a Hamiltonian operator 
(cf. Subsection 0.3). 
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For V'^{g) it is the well-known Sugawara construction (defined for k ^ —h'^) 

^^=2(fc^E-'«»^ (1-60) 
^ ' iei 

where {oijig/ and {a'jig/ is a pair of dual bases of g, i.e. {ai\a^) = 5ij, we 
identify a G g with {at~^)\0) E V'^{g), and /i^ is the dual Coxeter number, 
i.e. the eigenvalue of the Casimir operator ^ ■ a^ai on g divided by 2. Then 
Y{L^,z) = J2n ^n^~"'~^ is an energy-momentum field with central charge 

(, fcsdimfi , , , , , X 

= -- — — , where sdimg = dimflg — dimflj . (1-61) 

Moreover, all a{z), where a G g, are primary of conformal weight 1. This is easy 
to prove using the non-commutative Wick formula (1.37). 

Remark 1.23. The vertex algebra V''{g) can be constructed as above for any 
Lie superalgbera g and a supersymmetric invariant bilinear form (.|.). Also, the 
Hamiltonian operator H = Lq can be constructed in this generality for any k by 
making use of the derivation —t^ of g. More generally, if /i is a diagonalizable 
derivation of g, then a Hamiltonian operator can be constructed by using the 
derivation —t-^ — ad /i of g. In this case the field a{z) has conformal weight 1 — j 
if [h,a] = ja, j e C. Note also that all derivations — of g with n > — 1 
extend to the endomorphisms of the space V''{g), which form the "annihilation 
subalgebra" X^„>_i CX„ of the Virasoro algebra, and one has: 



[i„,r(a,z)] = . n>-l. 

For F{A) we let 



j>-i 



L^ = lY.:{T^')^i:, (1.62) 



2 
iei 

where and {$*}ig7 is a pair of dual bases of A, i.e. = 5ij, and 

we identify $ e A with ($f~^)|0). Then Y{L^, z) is an energy- momentum field 
with central charge 

c^ = -^sdimA. (1.63) 

All the fields ^{z), where $ e A, are primary of conformal weight 1/2. 

Next, wc consider the following important modification of this construction. 
Suppose that A = © A- , where both A+ and A- are isotropic subspaces 
with respect to the bilinear form ( . , . ). Choose a basis {ipi} of A+ and the 
dual basis {tp^} of so that {(pi, p^) = Sij. Then we can define a family of 
energy-momentum fields, parameterized by a collection m = (nii) of complex 
numbers: 
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The central charge of Y{L^'"^, z) is equal 

4 = ^s(^,)(12m^-12m, + 2), (1.65) 

i 

and all the fields ^'(-2) and ^Pi{z) are primary of conformal weight rrii and 1 — mj, 
respectively. 

Note that the vertex algebra F{A = A+ ® A-) has an important Z-grading, 

F(A) =©„ezF™(A), (1.66) 

called the charge decomposition, which is defined by 

charge|0) = 0, charge (^;) = 1 , charge (i;) = —1 . (1-67) 

Finally, for the Virasoro vertex algebra the energy-momentum field is, of 
course, L{z) = F(L_2|0),^), with central charge c. 

1.9 The indefinite integral definition of a vertex algebra 

In this section we introduce a new, fifth definition of vertex algebras. In some 
sense it just eousists in a change of notation in the fourth definition discussed 
in Section 1.5, but it is much more elegant, as it encodes all axioms, such as 
formulas (1.37), (1.38), (1.39) and (1.40), in the axioms of a Lie conformal 
algebra (see Definition 1.10) written in "integral form". 

In a nutshell, the fifth definition says that a vertex algebra is a Lie conformal 
algebra in which the A-brackct can be " integrated" . More precisely we have 

Definition 1.24. A vertex algebra is a Z/2Z-graded C[T]-module V, endowed 
with an even element |0) G Vg and an integral X-bracket, namely a linear map 
V ^ V C[A] (8> V, denoted by dx[a x b], such that the following axioms 
hold: 

(unity) 



/A /"A 
dx[\Q) X a]= dx[a x |0)] = a , 



(sesquilinearity) 



/A pX /•X pX 

dx [Ta X b] = — dx x[a x b] , I dx[a x Tb] = / dx {T + x)[a x b] , 

(1.68) 



(skewsymmetry) 

r-A /.A 



/ 



dx [b X a] = —p{a, b) / dx [a -x-t b] , (1.69) 
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(Jacobi identity) 



J dxj dy^^[a:c[byc]] - p{a,b)[by[axc]] - [[a^bj^+yc]^ = ■ (1.70) 

Before showing that Definition 1.24 is equivalent to Definition 1.13, some 

words of explanation arc needed. In particular, not all expressions above are 
immediately defined in terms of the integral A-bracket dx[a x ^]) but in 
some sense they are "canonically" defined, since there is a unique way to make 
standard " integral manipulations" , such as change of variables and change of 
order of integration, to rewrite them as expressions which make sense, i.e. which 
are well defined only in terms of the integral A-bracket. In all manipulations 
it is convenient to think of J^dx[a ^ b] as being a definite integral with lower 
bound —00. Moreover, not all relations above are in fact axioms: some of them 
should be considered as defining relations for some new notation. This is best 
understood if we write the integral A-bracket as /'*' dx[a x b] = I\{a, b), and we 
try to write all relations above in terms of I\ only. 

The first sesquilinearity relation (1.68) includes a piece of notation. 



/ 



A 

dxx[axb] := -h{Ta,b) , (1.71) 



and an axiom, 

^h{Ta,b) = -X±I^{a,b) . (1.72) 

The latter follows by the "fundamental Theorem of calculus", which is encoded 
in the integral notation. Using (1.71), the second sesquilinearity relation (1.68) 
is equivalent to 

Th{a,b) = h{Ta,b)+h{a,Tb) . (1.73) 

Notice that here we are implicitly assuming that the action of T commutes with 
taking integrals. The right hand side of the skewsymmetry relation (1.69) is 
defined by a change of variable y = —x — T: 

/A n — A — T 

dx[a-x-Tb] = - dy[ayb] = -I-x-T{a,b) . 

Hence, in terms of I\ axiom (1.69) is equivalent to 

7a (6, a) = p{a,b)I-x-T{a,b) . (1.74) 

We are left to consider the Jacobi identity. The first two terms are quite clear. 
For example, the first term should be understood as 

Jdx[ax{fdy[by c])] = Ix{a,I^{b,c)) , 
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and similarly the second term, obtained by exchanging A with /i and a with b. 
Less clear is the last term in (1.70). For this, we first need to perform a change 
of variable z = x + y, which gives 



A/ 



"^rf^iia^ 6], c] . (1.75) 



Since we want to perform first the integral in x (corresponding to the inner 
bracket) and then the integral in z, wc now need to exchange the order of 
integration. For this we have to be careful (as we usually are, when exchanging 
order of integration in multiple integrals), and, as explained above, we think of 
J^dx as dx. With this in mind, (1.75) is an integral on the following region 

of the (a;, ^;) -plane: |(a;, ^;) \ x < X, z < fj, + x^, which can be equivalently 

written as |(a;, 0) \ z < X + iJ,, z — fj, < x < X^. Hence, after exchanging the 
order of integration, (1.75) becomes 

dz [{ / dx[a X b] \ ^ c] • 

Jz—fj, 

In the inner integral we finally replace z by — T, thanks to (1.71), and now it is 
easy to rewrite the above expression in terms of the function Ix: 

-Ix+iJ.{h{a, b) - I-^-ria, b), c) . 

Thus, the Jacobi identity is equivalent to the following equation: 

Ix{a,If,{b,c))-p{a,b)If,{b,Ix{a,c)) = Ix+^{lx{a,b)-I-^-T{a,b),c) . (1.76) 

To go from Definition 1.24 to Definition 1.13 we put 

/o d d 

dx [a^b]= Io{a, b) , [axb] = — dx[axb] = -^hia, b) , (1.77) 

and conversely, to go from Definition 1.13 to Definition 1.24 we let 
r\ /-A 



/A rA 
dx[a xb] = : ab : + dx[a x b] . 



We then only need to check that the above axioms, written in terms of the 
normally ordered product and the A-bracket defined by (1-77), correspond to 
the axioms of vertex algebra as stated in Definition 1.13. 

It is immediate to check that the sesquilinearity relations (1-72) and (1-73) 
are equivalent both to the sesquilinearity of the A-bracket [a a and to the 
fact that T is a derivation of the normally ordered product : ab :. Similarly, 
the skcwsymmetry axiom (1.74) gives both the skewsymmetry of the A-bracktet 
[a \ b] and the skewsymmetry relation (1.39) for the normally ordered product 
: ab :. We are left to consider the Jacobi identity (1.76). It gives three different 
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conditions. If we look at the constant term in A and fx, namely we put A = = 
in (1.76), we get 

.0 

: a(: be :) : —p{a, b) : b{: ac ■.): = ■.( J dX [a \ b])c: , 

which, in view of (1.39), is equivalent to the "weak" quasi-associativity (1.41). 
If instead we put /x = in (1.76) and we take the derivative of both sides 
with respect to A, wc get the left Wick formula (1.37). Notice that (1.76) is 
unchanged if we exchange A with jj and a with b. Hence we do not need to look 
separately at the constant term in A. Finally, if we take the derivatives with 
respect to both A and /i of both sides of (1.70) (equivalent to (1.76), we get the 
Jacobi identity for the A-bracket [a a b]. 

The above arguments, together with Remark 1.14, clearly prove that Defi- 
nition 1.13 and Definition 1.24 are indeed equivalent. 



2 The Zhu algebra and representation theory 
2.1 f?r deformation of vertex operators 

Let y be a vertex algebra with the vacuum vector |0), the infinitesimal trans- 
lation operator T and the vertex operators Y{a, z) = J2ne'^ <^{n)^~"~^ G V). 
Fix a Hamiltonian operator H on V (see Subsection 1.6), and let (1.42) be the 
eigenspacc decomposition for H. 

Define the h-deformation of the vertex operator Y{a, z) as follows: 

Yn{a, z) = {l + hz)^^Y{a, z) = Yl • (2-1) 

nez 

Here and further, as before, when a formula involves Aa it is assumed that a is an 
eigenvector of H with eigenvalue Aa , and the formula is extended to arbitrary 
a by linearity. We have, obviously, the following formula for ?i-deformed n^^ 
products: 




We view H as an indeterminate, and we expand (l + Hz)^ = J2j£i,^ (^) f^''^-', 
so that Yn{a,z) e (EndF)[[ft]][[z, z^^]], i.e. ai^^M) e (EndF)[[ft]] is a formal 
power series in h (with coefficients in EndF). However, a(^n,h)b is a polynomial 
in h (with coefficients in V), so that we can specialize H to any value in C. 
Note also that the space (EndF)[[?i]][[z, z^-'^]] is also a module over the algebra 
C[[/iz]], which allows us to expand binomials {1 + hz)'^ into formal power series. 

The O*'' product is often viewed as a bracket on V. We introduce the fol- 
lowing ?i^deformation of this bracket (which is different from a(o,ft)&): 

[a,b]n=J2(^^yHm^- (2-3) 
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Note that, by (2.1), 

[a, b]n = Res^{l + hzy^Ynia, z)b = Res^{l + hz)^--'^Y{a, z)b , 
hence we obtain 

hb]H= E (^^~0^'«O)^- (2-4) 

The following is a simple nice relation between the (— 1, /i) -pro duct (2.2) and 
the /i-bracket (2.4), which can be checked directly: 

a(_i,fi)6 = : a6 : + / dx[H{a},b]:c ■ (2.5) 
Jo 

Lemma 2.1. (a) The following sesquilinearity properties of the h-deformed 
vertex operators hold 

Y„{Ta,z) = {l + hz)[T,Y,,ia,z)] (2.6) 
= {{l + hz)d,-hAa)Yn{a,z). 

(b) The {n,h)-product satisfies the following H- deformation of the sesquilin- 
earity equations for the usual n*^ product: 

((r + ;i(n + l + F))a)(„,ft)6 = -na(„_i,^)& , (2.7) 

T(a(„,ft)6) = E (-?i)'=(ra)(„+fc,R)6 + a(„,?,)(r6) . (2.8) 
feez+ 

In particular, 

a(_2,ft)6 = {{T + hH)a)^_^^^^b . (2.9) 

(c) The h-bracket satisfies the relations: 

[{T + hH)a,b]n = 0, (2.10) 

{T + hH)[a,b\h = [a,{T + hH)b]n . (2.11) 

(d) The following identity holds for k € Z+, 

a{-k-i,n)b = J2(^jf'_^j^f^''-'iT^'^a\-i,n)b, (2.12) 

or, equivalently, in terms of h-deformed vertex operators: 
Yn{a,z)+ = {l + hz)'^'{e'^a\_,,n)- 
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Proof. Equations (2.6) follow by the definition (2.1) of the ft-dcformcd vertex 
operator and the translation covariance axiom for vertex algebras. By looking 
at the coefficients of z~'^~^ in the second identity in (2.6) we get (2.7), while if 
we first divide both sides of the first identity in (2.6) by 1 + hz and then look 
at the coefficients of z"""^ we get (2.8). Equations (2.10) and (2.11) are easily 
checked using the formula (2.4) for the ?l-bracket. We are left to prove part (d). 
From (2.7) we have 

h l^T^ ^ ^ , ^ Ag-fc+l 

Equation (2.12) can be easily proved by induction using the above relation. □ 

Proposition 2.2. One has the following h-deformed n*^ product identity for 

h-deformed vertex operators: 

(1 + fiw;)"+^FR(a(„,s)fe, w) = Yn{a, w)^„)Yn{b, w) . 

Proof By (2.2) and (1.44), the LHS of the /^deformed n*^ product identity is 
equal to 

iez+ ^ ^ 

By the n**^ product identity for usual vertex operators, Y{a(^n+j)b, w) — Rcsziz,w 
{z - wY+^Y{a, z)Y{h, w) - p{a, 6)Res^i„,2(z - w)"+^r(fe, w)Y{a, z). Hence the 
LHS of the ?i-deformed n^^ product identity is equal to 

Res. E,ez+ {^;)fi'{z - wYil + M^-^^""^' - wrY{a, z)Y{b,w) 
-p{a, b)iw,ziz - w)"'Y(b, w)Y{a, z)^ 

But Ejez+ C^")^^(^ - ^yi^ + hw)^-+^''-^ = (1 + hz)^-{l + ftw)^S by the 
binomial formula, which gives the RHS of the ?i-deformed n"^ product identity 

□ 

Theorem 2.3. One has the following identity for the h-deformed vertex oper- 
ators (h-deformed Borcherds identity) for arbitrary n e Z; 

iz,w{z - w)'^Yn{a, z)Yh{b, w) - p{a, b)iyj^z{z - w)'^Yn{b, 'w)Yh{a, z) 
= ^ (1 + hwr+^+'Yn{a^r^+mb, w)did{z - w)/j\ . 

Proof. It is the same as the proof of the usual Borcherds identity, given in 
Section 1.4, by making use of the ?i-deformed n**^ product identity, instead of 
the n**^ product identity. □ 
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Comparing the cocfRcicnts oi z ^ of both sides of the Ti-deformed Borcherds 
identity apphcd to c € V, we obtain: 

^{~iyr.](a^rn+n-jA){Mb,w)c)w^-p{a,b){^^^ 

= X (1 + nwr+^+^ M Fft(a(„+,. ^)6, w)cw^-^ . (2.13) 
iez+ ^ ^ 

Note that, remarkably, the ^.-deformation does not change the —1''* product 
identity: 

: Yn{a,w)Yn,{h,w) : = yft(a(_i,ft)6, w) . 
The ?l-deformed commutator formula 

[Yn{a, z), Yn{b, w)] = (1 + hwy+'Yn{a^^^„^b, w)di5{z - w)/j\ (2.14) 

is a special case of the ft-deformed Borcherds identity for n = 0. 

We want to rewrite the Borcherds identity (2.13) in terms of the {n,fi)- 
products. We can do it in two ways: either we compare the coefficients of 
^-fc-i -j-^ both sides of (2.13), or, for the form it will be used, we first multiply 
both sides of (2.13) by (l + /iw)^"~^ and then compare the coefficients of ■u;^*'"^. 
We then get 

-(-!)>(«> b)b(^k+n-j+i,h) {a(m+j,h)c)^ (2.15) 



We now state some results about /i^deformed vertex operators which will be 
useful in the following sections. 



Lemma 2.4. (a) One has for n,k G Z+; 

/ ~n — 1^ 

- (-l)Xa,'>)&(fe+n-j+i,ft)(a(j,ft)c)) . (2.16) 

(b) The {—l,h) -product satisfies the following "quasi- associativity" relation 
(a(-i,ft)&)(_i,ft)C-a(-i,ft)(&(-i,ft)c) (2.17) 
= X] ('^(-i-2,ft)(^(j,ft)c) +P(a,'>)&(-j-2,ft)(a(j,ft)c)) . 
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(c) The following identity holds: 

(a(-2,?i)&)(_i_s)C = «(-2,ft)(&(-i,?i)c) (2.18) 
+ ((T'a)(-i-2,n)(&0-,fi)c) +p(a,6)&(_j_2,n)((ra)Q-fi)c)) 

+hl^a X] («(-j-2,ft)(^0-,ft)c) +p(a,&)6(-j-2,ft)(a(j,ft)c)) . 

Proof. Equation (2.16) is a special case of (2.15), with m = 0. Equation (2.17) 
is obtained by putting n = fc = — 1 in (2.16). Finally, (2.18) follows immediately 
by using (2.9) in the LHS and applying (2.17). □ 

Lemma 2.5. The following identity holds (where T^"^ stands for T'^ /n\): 

at^-i^h)b - p{a, b)b(_i^n)a - h[a, 5]^ (2.19) 

Proof. Recall the skewsymmetry relation in a vertex algebra (see (1.29)): 
p{a,b)bin)a = 5^(-l)"+^+iTW(a(„+,)6) . 

Using this, we get, by the definition of the (—1, ?l)-product, 

p(a,6)6(_i,^)a = ^ ('^''] ;i'=(-l)'=+*r«(a(fe+,_i)6) 



= E EL_J^""'(-ir^'^''^'n«(n)&) (2.20) 

neZ+ 1=0 ^ ^ 

The last identity is obtained by separating the summand with i = from the 
rest, and, in the latter, by performing the change of variables I = i — 1, n = 
k + i — l = k + l. We can add and subtract the appropriate quantity to rewrite 
the first term in the RHS of (2.20) as 



EE(„^_',)''""'(-i)''*'(r''"'(«w'')-'i'*'("f;';'')«(.)'') 

neZ4. 1=0 ^ ^ ^ ^ 



neZ+ 1=0 



32 



Wc now perform the change of variables k = n+1, i = Z + lin the last term of 
(2.21) to rewrite it as 



ke2+ i=l 



which, combined to the last term in the RHS of (2.20), gives 

feez+ V K y 

For this we used the obvious combinatorial identity (n S Z+): 

x + y\ \^ f x\ f y 



with X = —Aa — Ab + k and y = A^,. The above discussion gives 



p(o,t)6,-,,»,a = )ff-'(-l)""(T<'«'(a(,.)i.) 



-tf«(-f;;")°<"'')"S 



A„ - 1 
k 



fcez+ 



Equation (2.19) now follows by the definitions of the (— 1, /i)-product and h- 
bracket, and by the relation (^") — ('^"^T^) ^ (^-^^) — ^- '-' 

Lemma 2.6. Taking the {n,h)-bracket is a derivation of the h-product: 

[a,b(n,h)c]h = {[a,b]ti)(^^,^f + p{a,b)b(^n,h){[a,c]h) , (2.23) 

or, equivalently, in terms of the h- deformed vertex operators: 

[a,Yn{b,w)c]H = Yn{[a,b]n,w)c + p{a,b)Yn{b,w)[a,c]H ■ 

Proof. Take identity (2.13) for n = 0, multiply both sides by {—h)™ and sum 
over m G Z_|_. Then the LHS of the obtained identity is 

[a, Yn{b, w)c]n - p{a, b)Yn{b, w)[a, c]r , 

while the RHS becomes Yji{[a,b]fi,w)c, after changing the order of summation 
by m and j, and using the expansion in C[[a;]] (for x = —hw): (^^^J^Jy+i = 

Let Jft C V[h] be the C[fi]-span of all the elements a(_2,/t)6 (a, 6 G V). By 
(1.27) and (2.9) with b = |0), we have (T + hH)a e Jft for'aU a gV. Hence, 
more generally, we obtain by induction on k, using (1.46): 



T^a = h''(^ ^"^a modJft. 



(2.24) 
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Theorem 2.7. (a) Jn contains all the elements a(^-jfi)b, where j > 2 and 
a,b€V. 

(b) iT + hH)VcJn. 

(c) Jfi is a two-sided ideal with respect to the product a(_i^ft)6. 

(d) Jfi is a two-sided ideal with respect to the bracket h[a,b]fi. 

(e) |0) is the identity element for the product a(_i_?j)6. 

(f) a(_i,ft)6 - p{a, 6)6(_i,ft)a - h[a, b]ti e Jft. 

(g) (a(_i,ft)6)(_i,ft)C-a(_i,ft)(6(_i,fi)c) e Jn- 

Proof. Claim (a) follows from (2.7); (b) is a special case of (2.24) for A: = 1; 
(e) follows from (2.2) and the properties (1.27) of the vacuum; (f) follows from 
Lemma 2.5 and (2.24); (g) follows from equation (2.17) and (a). Equation (2.18), 
together with (a), implies (a(-2,R)&)(-i,fi)C € Jn, hence Jn is a right ideal with 
respect to the (— 1, ft)-product. Moreover, equation (2.23) with n = —2 implies 
that [a,b(^-2,h)c]h € Jn, hence Jn is a left ideal with respect to the ^.-bracket. 
Therefore, due to (f), Jn is also a left ideal with respect to the (—1, ?i)-product, 
proving (c). Now (d) follows from (c) and (f). □ 

By Theorem 2.7(c), (e) and (g), we have a unital associative superalgebra 
over C[h]: 

ZhunMV := V[h]/Jn , 

with the product induced by the (—1, ft)-product on V[h], and the image of |0) 
is the identity element. Furthermore, if we denote by Jn=i the C-span of all 
emenets {a(_2,R=i)6 \ a,b € V}, then V/Jn=i is a unital associative algebra over 
C (cf. [Z]), which will play an important role in the second part of the paper. 

Definition 2.8. The H-twisted Zhu algebra of a vertex algebra V with a Hamil- 
tonian H is 

ZHuhV := V/Jn=i . 

Remark 2.9. The fi-deformation of a vertex algebra is a special case of the 
following notion of a gauged vertex algebra. In addition to the usual data 
(V, \Q),T,Y{a,z)) of a vertex algebra one is also given an EndF-valued power 
series A{z) = Yl'^=Q^nz", such that A(z)|0) = 0. The vacuum and locality 
axioms are the same as that for a vertex algebra, but the translation covariance 
axiom is changed: 

[T, Y{a, z)] = d,Y{a, z) - Y{A{z)a, z) . 

(For convergence one needs that for each k £Z, {Aja)(^k+j)b = as j ^ 0.) The 
/l-deformed vertex algebra corresponds to the choice (cf. (2.6)): 

A{z) =hH/{l + hz). 
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Note that vertex operators of a gauged vertex algebra can be obtained from 
the vertex operators X{a, z) of an ordinary vertex algebra by letting Y{a, z) = 
X{B{z)a, z), where B(z) is the unique formal power series solution of the equa- 
tion B'{z) = A{z)B{z), 5(0) = I. One then has B{z)\Q) = |0) . 

2.2 (/i, r)-deformation of vertex operators and Zhunj^V 

Let r be an additive subgroup of M, containing Z. For 7 G M we shall denote 
the coset 7 + Z by 7. 

Definition 2.10. A vertex algebra V with a Hamiltonian operator H is said 
to be T /Z-graded if we have a decomposition 

y = 7y (2.25) 

7er/z 

which is a vertex algebra grading, compatible with the Hamiltonian operator 
H, i.e. 

"Vf^n/V c ^+^V , HCV) c . 

In particular, |0) G ^V. We shall assume for simplicity, that the eigenvalues of 
H are real. 

Given a vector a gV of conformal weight and degree % (i.e. a e "^"V), 
denote by the maximal non-positive real number in the coset % — A^. This 
number has the following properties: 

e|0) = , era = ea , ea(„)fe = Ca + £& + xi^, b) , (2.26) 

where x(<i) 6) = 1 or 0, depending on whether eo + efc < —1 or not. For example, 
A|o) = e|o) = 0, so that x(a, |0)) = x(|0),a) = 0. 

Let 7a = Aa + ea . Then (1.46), (1.44) and (2.26) imply 

7|o)=0, 7Ta = 7a + l, 7a(„)& = 7a +76 + x(a,^) - n- 1 . (2.27) 

We denote by H' the operator on V, defined by H'{a) = jaa- 

Example 2.11. If F = Z, the decomposition (2.25) is trivial: V = . In this 
case, for a G V, 7a is the largest integer less than or equal to A^ and = if 
and only if A^ is an integer. 

Exam,ple 2.12. A case of special interest for the present paper is when the F/Z- 
grading (2.25) is induced by H, namely 

W= 0F[A], (2.28) 

where F is the additive subgroup of R, generated by 1 and the eigenvalues of 
H. In this case Ca = 0, 7a = Aa for all a e V, and x(a, ^) = for all a,h €:V. 
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The {h, r)- deformation of a vertex operator Y{a, z) is defined as follows: 

Yft,r(a, ^) = (1 + hzr<^Y{a, z) = J2 "(n.ft.n^z""' • 

nez 

We have: 

ain,h,r)b= (2-29) 

The same proof as that of (2.7) gives 

-na(^n~i,h,T)b = {{T + hH')a)(n,h,T)b + h{n + l)a(„^ft r)& • (2-30) 
Define the (/i, r)-deformed bracket in the same way as (2.3): 

[a,h]H,T= ^ (-?l)%(j-,ft,r)&, 

and in the same way as (2.4), we show that 

Mn,T= J2 (^"~^)^'%)^- (2-31) 
jez+ \ 3 J 

The same proof as that of Proposition 2.2, using (2.27) in place of (1.44), 
gives the {h, r)-deformed n*^-product identity: 

(1 + M"+'"''^"'''^^ft,r(a(n,ft,r)6, w) = Yn,T{a, w)^n)Yn,r{b, w) . (2.32) 

The same proof as that of Theorem 2.3 gives now the {H, r)-deformed Borcherds 
identity: 

iz,w{z - w)"yft,r(a, z)Yh,r{b, w) - p{a, b)iy,^^{z - w)"Y'ft,r(6, w)yft,r(a, z) 
= 5^ (1 + ;i«;)"+^+i->^(«''') Yft,r(a(„+,-,ft,r)6, w)di5{z - w)/j\ . (2.33) 

Denote by Vp (resp. Vnx) the C-span (resp. C[fi.]-span in V[fi] ) of all elements 
a G V such that — 0, and denote by Jh,r the C[?i]-span of all the elements 
ci-(-2+x{a,b),h,r)b, where a,b e V and + G Z. By (2.26), Vn^r is closed 
under the (—1, h, r)-product, which coincides on this subspace with the (—1, h)- 
product, and J^x C Vk,r- 

For example, if F = Z, then we have Vz = {a € V \Aa £ Z}. On the other 
hand, if we consider the F/Z-grading of V induced by H, as in Example 2.12, 
then Vr ~ V and Jn^r — Jh- In this case the (n, ?i, F)-product coincides with 
the {n,h)- product (2.2). 

The same proof as that of Theorem 2.7, gives the following 

Theorem 2.13. (a) Jtix contains all the elements a(^-jj^-^(^a,b),h,T)b, where 
j >2 and a,b gV, + G Z. 
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(b) {T + hH)Vn,r C Jh,r. 

(c) Jh,r is a two-sided ideal o/Vft,r with respect to the {—1, h,r)-product. 

(d) Jh,r is a two-sided ideal o/Vft,r with respect to the bracket h[a,b]fi^r- 

(e) |0) is the identity element for the {—l,h,T) -product. 

(f) - p{a, ii)b{-i^h,T)a = (1 - x(a> b]hx mod Jn,T, a,b&V. 

(g) The (—1, h,T)-product is associative on Vn^r mod Js,r- 
Define the following algebra over C[h]: 

Zhun^rV = Vn^r/Jn^T 

with the algebra structure induced by the (—1, ft, r)-product on Vri.r- By The- 
orem 2.13, this product is well defined, and it is associative. Moreover, by the 
same theorem, the bracket ft[a, induces a bracket on Zhun^rV, satisfying 
the relation 

a(-i,?i,r)&-l'(a, ftj)a = fi[a,b]nx ■ (2.34) 

Furthermore, the image of |0) in Zhufi^rV, which we denote by 1, is the identity 
element for the associative product of Zhuri,rV. Also, by Theorem 2.13(b), we 
have: 

T + hH = on Zhun,rV . (2.35) 
We can specialize h = c gC, i.e. we let 

Zhun=c,rV = ZhuH,rV/{n-c)Zhun,TV = Vr/Jft=c,r • 

Note that the algebras Zhun=c,rV (over C) are isomorphic for all c e C\{0}. 
This can be seen by rescaling ada) = c^-^a and the obvious formula 

CTc(a(„,ft=c,r)&) = c"""Vc(a)(„,ft=i,r)0-c(&) , (2.36) 

so that CTc induces an isomorphism ctc : Zhun^cvV Zhun^i^rV . 
We define the [H ,T)-twisted Zhu algebra by putting h=l: 

ZhurV := Zhun^i^rV . 

(Of course, ZhupV depends on H as well, as does Zhuti,r, but we omit H to 
simplify notation.) Special cases of ZhupV appeared in [Z, KWa, DLM]. 

Exam,ple 2.14. The (non-F-twisted) Zhu algebra (considered in [Z, KWa] in the 
most important cases) is defined by putting h = 1 and taking F = Z, as in 
Example 2.11, i.e. 

ZhuzV = Vz/Jft=i,z • 
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Example 2.15. Take the F/Z-grading of V induced by H, as in Example 2.12. 
Then Vr = V and the {n, H, r)-product on V coincides with the (n, ?i)-product 
(2.2). Let 

a*nb = a(„,ft=i)6 , [a*b] = [a, b]n=i (2.37) 

in order to simphfy notation. Then we obtain the _ff-twisted Zhu algebra 
ZhuuV = V/ Jn.=i introduced in Definition 2.8. Recall that its product is 
induced by a *_i 6, and Jn=i = V *_2 V is the span of all elements a *_2 b, with 
a,b G V. Note that, in view of (2.9), Jft=i is the two-sided ideal of the algebra 
(y, *_i), generated by (T + H)V. 

Later we shall need the following relation, which is obtained from (2.12) by 
specializing h= 1 and using identity (2.22) with y = —x = A^: 

a b = J2 (^^^) ((^^'^«) *-i b - (~^'')'* *-i ^) • ^2-^^) 

Remark 2.16. A vertex algebra V with a Hamiltonian operator H is called a 

chiralization of the unital associative algebra ZhunV. An interesting open ques- 
tion is which unital associative algebras U admit a chiralization. For example, 
the affine vertex algebra V''{q) is a chiralization of U (g) for any Lie superalgebra 
g. Theorem 5.10 of the present paper says that the afiine W -algebra Wkis, x) is 
a chiralization of the finite VF-algebra W^'^{q,x). Note that any commutative 
U admits a chiralization {V = |0) = 1, Y{a, z) = La) with H = 0. Another 
very interesting example of a chiralization is the so called Kac Todorov con- 
struction [KT] of the Neveu-Schwarz vertex algebra, which is a chiralization of 
the non-commutative Weil complex [AM] , the corresponding coset construction 
of [KT] being the chiralization of the cubic Dirac operator of [Kolj. We shall 
discuss this in more detail in Section 3.4. 

The eigenspace decomposition of V with respect to H induces an increasing 
filtration of V with respect to the product a(-i,ft=c,r)& {p € 

FPV = eA<pl^[A] , {Ff'V)(_,^n=c,r){F''V) C F^+W , (2.39) 

which descends to a filtration of the algebra Zhun=c,r by subspaces 

FPZhun^,,rV = FPVr/{FPVr n Jn=c,r) ■ (2.40) 

Proposition 2.17. (a) (cf. [Z]) The algebra Zhu n=o,r = Fr/yrn(V(_2+x) V) 
has a Poisson superalgebra structure, with commutative associative product 

induced by the —1** product ofVr, and Lie bracket induced by the O*'' prod- 
uct ofVr- Here V(^-2+x)^ denotes the C-span of all elements a(^-2+x{a,b))b 
with a,b £ V. Moreover the action of H onVr induces an algebra grading 
on Zhuti=o,rV. 

(b) For every c G C, the algebra grZhuh,rV , associated graded to filtration 
(2.4-0), is a Poisson superalgebra, with associative commutative product 

gr^'Zhun=c,rV x gr^' Zhun=c,TV gr^'+^' Zhun=c,rV , 
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induced by the (—1, h = c,T)-product on V , and with Lie bracket 

gr^' Zhun=c,TV x gr^' ZhuH=c,rV gr^'+^^-^ Zhun=c,rV , 

induced by the {h = c,T)-deformed bracket (2.31) on V . 

(c) There is a canonical surjective homomorphism of graded Poisson algebras 

Zhun=o,TV grZhun=c,rV . (2.41) 

In particular, dim Zhu fi^cvV < dim Zhufi=o,rV . 

Proof. Notice that, for h = 0, the (—1, H, r)-product of Vp is equal to the —I'** 
product, and the (fi, r)-brackct on Vp is equal to the 0**^ product, and it is 
easy to see from the fourth definition of a vertex algebra that they induce a 
Poisson algebra structure on Vr/Vr n (V(_2+,(-) V). To conclude the proof of (a) 
wc just notice that Vr H {V(^-2+x) ^) invariant under the action of H, hence the 
quotient space Vr/l^n(V(_2+x)V) has an induced action of H. More explicitly, 
the eigenspace of on Vr n (V(_2+x)^) with eigenvalue A is, by (1.44), 

Vrn{V^_,+^)V) = V''-^[A,]^_2)V'^nA2] (2.42) 

Ai+A2 + 1=A 
7ii72lei+«2=0 

_ Ai+A2=A 

7l,72|ei+e2 = -l 

To prove (b), just notice that, by Theorem 2.13(f), ab — ha = c[a,b]fi=c,r 
mod Jh=c,r, for a, 6 G Vr, and that, by definition of the {h = c, r)-bracket, we 
have 

[PPy, F'^V]n=c,r C pP+'^-W . 
We are left to prove (c). By definition we have, for c G C, 



gr Zhun=c,rV 

and in particular, for h = 0, 
gT^Zhufi=o,rV 1 



F^Vr/{P^Vr n Jn=c,r) 
F^-VT/{P^-VTnJn=c,T) 

F^Vr 

{F^- Vr) + {F^Vr n Jft=e,r) ' 

F^Vr 



where F^-Vr = Ua'<a^'^ other hand, by the definition of the 

(n, h, r)-products and by (2.42), we have 

(F^Vr) n {V^-2+x)V) C (P^-Vr) + {P^Vr n Jft=e,r) , 

which induces a quotient map gT^Zhufi=o,rV gv^ Zhun^cvV . Statement (c) 
now follows by the fact that, by (a), gv Zhun^o^rV ~ Zhufi=o,rV. □ 
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Example 2.18. Wc will consider in Section 3.3 (sec Proposition 3.30) a large 
class of vertex algebras (i.e. pregraded, freely generated by a free C[T]-inodule) 
for which the map (2.41) is actually an isomorphism. We give here an example 
of a vertex algebra V, with a Hamiltonian operator for which the linear map 
(2.41) fails to be an isomorphism. Let V = 0„£z^ ^[?^] be a unital, associative, 
commutative, graded algebra, with V[0] = CI. Then y is a vertex algebra with 
|0) = 1, T = and a(„)6 = Sn_-iab. It has a Hamiltonian operator, acting as 
nlv[n] on the subspace V[n]. In this case V(_2)l^ = 0, so that Zhun^o^HV = 
V/V(^-2)V — V- On the other hand, since a(_2,fi)|0) = hH{a), we have Jti=i = 
©«>i^N- Hence Zhun=i^HV = V/Jh=\ ^ CI. Thus the map (2.41) has 
non-zero kernel, unless y = y[0]. 



2.3 F-twisted positive energy modules and representations 
of the algebra ZhurV 

Definition 2.19. A T-twisted module over a F/Z-gradcd vertex algebra V is a 
vector superspace M and a parity preserving linear map from V to the space 
of EndM-valued T-twisted quantum fields a i— > Y^{a, z) = X^^g^y^ ^(tn)-^"™"^ 
(i.e. a|^) e EndM and a^-^v = for each v & M and m > 0), such that the 
following properties hold: 

|0)f^) = 5n,-llM , (Ml) 

E (")ia^n+j)b)tL+,-j^v (M2) 

iez+ ^ ^ 

= E (-1)^' (") - Ka, fe)(-l)'^6(^+„_,)a^+,))« , 

jez+ ^•'^ 

where a S ^"V, m G n G Z, fc G %. 

Formula (M2) is called the F-twisted Borcherds identity. In the case when 
F = Z, i.e. the grading (2.1) is trivial, M is called a (non-twisted) V^-modulc. 
A special case of this is M — V with y*^(a, z) = Y{a, z), when (M2) turns into 
the Borcherds identity (1.28). Note that an equivalent form of (M2) is 

izA^ - w^Y^ia, z)Y^{b, w) - p{a, b)i^,,{z - w^Y^ib, w)Y^{a, z) 

= J2 Y''{a^n+j)b, w)diS^Sz - w)/j\ , (2.43) 

where 6j{z — w) = z~^ X]nG7('f )" ^'^^ ^ Z-coset 7. 

Remark 2.20. For F-twisted quantum fields a{z) ~ X^me-y ^(m)^~'"~'^j the 
usual notion (1.6) of n**^ product of fields is not quite right, since, for example, 
it is identically zero if 7^ ^ Z. So we introduce the T-deformed n^^ product of 
F-twisted quantum fields (n G Z): 

aM(n,r)&(w) = Res;,{z/wy'' (a{z)b{w)i;,^w - p{a,b)b{w)a{z)iw,z^ {z - w)" . 

(2.44) 
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Notice that the above formula depends on the choice of the representative 7a in 
the coset % = 7tt + Z. Moreover (2.44) reduces to (1.6) if 7a = 0. If we multiply 
both sides of (2.43) by (z/w)'^" and take residues in z, we get 

y^iHn,n=±.r)b,w) = Y''{a,w)^^^r)Y-''{b,w) . (2.45) 

To get (2.45) we used the definition (2.29) of (ft, r)-deformed n"^ products in 
V, and the definition (2.44) of F-deformed n**^ product of F-twisted EndM- 
valued quantum fields. Equation (2.45) is a generalization of the n*'^ product 
identity (1.10) to arbitrary F-twisted V-modules M, and it reduces to it for 
M = V, the adjoint representation (or, more generally, for a non-twisted V- 
module M). It has the following interpretation: the space of F-twisted EndM- 
valued quantum fields = {a{x) = Y^{a,x) \ a G V} together with the 
F-deformed n^^ product (2.44), form an "(ft = i, F)-deformed vertex algebra", 
namely the (/),. F)-deformed Borcherd's identity (2.33) holds ior h = ^ and for 
any two elements a{x), b{x) G . This is the first indication that (ft, F)- 
deformed vertex operators are related to F-twisted representations of the vertex 
algebra V (as it will become clear from Theorem 2.30). 

From now on we fix a Hamiltonian operator H on V with the eigenspace 
decomposition (1.42). As before, we shall assume that the eigenvalues of H 
are real. If a e l^[Aa], one often writes (cf. Proposition 1.15) Y'^{a,z) = 
E„ee-„«f^"""^°'SO that 

<) = «f-A„+i , n e 7a , a^ = <+A„-i) , n G ea . (2.46) 

After making the change of indices (2.46), (Ml) becomes |0)„ = 6n,o, and 
the twisted Borcherds identity (M2) becomes M-graded: 

jez+ \ J / 

= E ('^y i^i^+n-X+J-n - P{a, 6)(-l)"e,ai^+i) , 

where m £ ea, k £ Cb, n £ Z. Letting in this identity 6 = |0), n = — 2 and k = 0, 
we obtain: 

(Ta)^ = -(m + Aa)a^. (2.48) 
Letting n = in (2.47), we obtain the commutator formula: 

K, bf] = E (™ t " ') (^w^^-^-^ • 
jez+ \ J y 

Definition 2.21. The F-twisted ^-module M is called a positive energy (F- 
twisted) y-module if M has an M-grading M = (Bj>oMj such that 

a^Mj c Mj-n ■ (2.50) 
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The subspace Mq is called the minimal energy subspace. Then, of course, 

a^Mo = for n > and o^Mq C Mq . (2.51) 
Letting TTi — 6^ -|- 1 and. k — — 1 ~l~ x(*^; ^) (2*'^'^)) obtain: 

E (7)(«(»+^)^)"+-+x(a,.)-= (2-52) 

Recall from Section 2.2 the definition of the (H, r)-twisted Zhu algebra ZhurV. 
We are going to establish a correspondence between positive energy F-twisted V- 
modules and ZhurV -modules, generalizing the construction of [Z, KWa, DLM]. 
For this we need a few lemmas. 

Lemma 2.22. Let M be a T-twisted positive energy V -module. Then the map 

a^a^\Mo, aeVv, (2.53) 

defines a linear map (yj : Vr i— > EndMo which is zero on Jh=\ and induces a 

homom,orphism ZhurV — > EndM^. 

Proof. Let a, & S F be such that + £6 G i-e. eo + = or —1, hence 
ea + e6 + x(a,?') =0. If n < -1, and v € Mq, then (2.52) becomes, due to (2.29) 
and (2.51), 



/ ^,^M /"^aA/ u\M M i 



n-l+x(a,b)+et," ■ 



The RHS of this equality is zero if n < —2, or if n = —1 and x(a; b) = 1. Thus, 
(p{Jfi=i) = 0. Next, if a, 6 e Vr, i.e. = = 0, and n = —1, this formula 
becomes, due to (2.51): 

{a^-i,n=i,r)bfo'v = a^b^v, v e Mo . 

The lemma is proved. □ 

r -I- 

The above lemma defines a functor from the category Mody of F-twisted 
positive energy V-modules, to the category ModzftupV of modules over 
ZhurV: 

Mody'+ ModzhurV , M i-y Mo . 

We next want to define a functor in the opposite direction. For this we will need 
the following "Uniqueness Lemma". 

Lemma 2.23. Let M be a vector superspace and consider a family T = {a? {z) = 
X]rie7 +z '^(n)'^~"~^}iG'^ ^ -iwistcd EndM -valucd quantum fields, i.e. a-^^^ G 
EndM and for each j G J , v €. M , <J(„)^' = for n ^ 0. Assume that all pairs 
{a^ (z) , a^ (z)} are local. Let Mo be a generating subspace of M , i.e. the span of 
all vectors a^^^) • • • ^(Jj ^Mo is M. Let b{z) be another T-twisted EndM-valued 
field such that all pairs {b{z), a^{z)) are local and b{z)Mo = 0. Then b{z) = 0. 
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Proof. Since, by assumption, Mq generates the whole space M, we just have to 
prove that 

b{z)a^^ (wi)... a^' {ws)v = , (2.54) 

for any ji,. ■ ■ ,js G J and v e Mq. On the other hand, by locaUty of the pairs 
{h{z),a^''{z)), we have for some Ni e Z+ , 

s 

JJ(0 - Wif^b{z)a^^ {wi) . . . a^' {ws)v = , (2.55) 

i=l 

since wc can move b{z) to the right, and b(z)v = by assmnption. But the 
LHS of the above expression is a Laurent series in Ws, i.e. the exponents in 
Ws that occur are bounded below. Hence we can cancel (z — Wg)^" in (2.55). 
Multiplying after that both sides of (2.55) by {wg-i — Wg)^ for some N € Z_|_ , 
we can permute the factors a^'-^{ws-i) and a^'(ws) to get 

s-l 

{ws-i-Ws)^ Y[{z-Wi)^'b{z)a^'{wi) . ..a^^-'{ws-2)a^'{ws)a^'-'{ws-i)v = 0. 

Since the LHS is a Laurent series in Ws-i, we can cancel the product 

{Ws-i — Ws)^{z — Ws-i)^"'^. After finitely many such steps we obtain (2.54) 

with the a-'*(wi)'s in reversed order. □ 

Recall that any vertex algebra V is, in particular, a Lie conformal superalge- 
bra, and to the latter one canonically associates the (maximal formal distribu- 
tion) Lie superalgebra L{V) [K]. Given a Hamiltonian operator H on V and a 
r/Z-grading (2.25), one likewise associates to V an R-graded Lie superalgebra 
LH,r{V) as follows. 

Definition 2.24. The (iJ, T)-twisted form,al distribution Lie superalgebra LhtIV) 
is, as a vector superspace, the quotient space of the vector superspace with the 
basis {an \ a G '>'y[A], n € Co}, by the span of the vectors {Xa+nb)n — ^an—lJ'bn 
and (cf. (2.48)): 

{Ta)n + [n + Aa)an (2.56) 

where X, /j, G C, a,b G V , n G Ca- The Lie bracket on LnriV) is defined by 
(cf. (2.49)) 

[cim,bk]= ^ f j(a(j)6)TO+fc , (2.57) 

where m G ea,k G tb- It is easy to see that (2.57) defines a structure of a Lie 
superalgebra on Lh,t{V). Moreover Lnxi^) is K-graded by dega^ = m S R: 

LHx{y) = ®jeRLj . (2.58) 

The corresponding family of F-twisted formal distributions consists of (a G 
V): 

Yr{a,z) = amz'^'"^^ & LH,r{V)[[z^^]]z"'^ . (2.59) 
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Let U be the universal enveloping superalgcbra of LH.r(V), and let U = 
(BjeRUj be the grading induced by (2.58). Consider the following fundamental 
system of neighborhoods of in J7 : {UFn}n>q, where Fn = (Bj^^Lj. Denote 
by [7^=°™ the completion of the algebra U in this topology and by Uj the closure 
of Uj in U""""'. Then U := ©jgR Uj is a subalgebra of the algebra U''°"'. 

Given a,b £V (homogeneous in H- and F/Z-grading), m G Ca, k G and 
n G Z, introduce the following element of Um+k (cf. (2.47)): 

BI(a, 6; TO, fc, n) = ( \{a(^n+j)b)m+k (2.60) 

jez+ V J / 

- X] i-^y [Marn+n-jbk+j-n - p{a,b){-l)"bk-ja^+j) . 

Let A denote the factor algebra of the associative superalgcbra U by the 2-sided 
ideal generated by all elements BI(a, 6; to, k, n), and the elements |0)„— (5„ o^{n G 
Z). 

Remark 2.25. Since relations (2.47) imply the relations (2.48) and (2.49), it 
follows from the definition, that a F-twisted T^-module M is the same as a 
module over the associative superalgcbra A, such that anV = for any given 
a&V and e M for n » 0. 

Lemma 2.26. (a) Given a, 6, c S F, m € ea,k € Cb, s G ec,n € Z, we have 
[Cf, , BI{a,b;m,k,n)] = ^ / s + Ac ^\ (^BI{c(^j)a,b;m + s,k,n) 

V J / 

+ p{a,c)BI{a,C(^j'jb,m,k + s,n)) . (2.61) 

(b) Let B denote the (graded) subspace of the algebra U , spanned by all the 
elements BI{a,b;m,k,n), with a,b S V,m G ea,k € eb,n G Z. Then 
[cs, B] c B, for any c gV and s G Cc- 

Proof. We denote by LBI(a, b; to, k, n) and RBI(a, 6; m, fc, n) respectively the 
first and the second sum in the RHS of (2.60). By the definition (2.57) of the 
Lie bracket in L//^r(V"), we have 

[cs , LBI(a, 6; m, fc, n)] = ^ /^"^ + ^" ^\[c^ ^ {a{ri+j)b)m+k] (2.62) 

iGZ+ V / 

^ /TO + Aa-l\/s + Ac-l\ 

= \^ J- ^ J(C(i)(a(n+j)0))m+fe+s • 

By the commutator formula for the vertex algebra V we have 



C(i)(«(n+i)&) = XI ( J("^W")("+*+J-0^ + J^(«'C)«(n+i)(cw6) . (2.63) 
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Now we use the following combinatorial identity, which is a generalization of 
(2.22) (/,r eZ+): 

By (2.63), and (2.64) with x = m + Aa — 1, y = s + Ac — 1, and using the change 
of the summation variable r = i + j ~ I, we can rewrite the RHS of (2.62) as 

-r;^ fs + Ae-lYm + s + Aa + Ac-l-2\ 

2^ I , I ]((C(^i)a)(^n+r)0)m+k+s 

l,r&+ V ' A r J 

+ ( l\As + A, 1 U(a,c)(a(„+J•)(c(i)6))„^+fc+s . 

By the definition of LBI{a, b; m, k, n) we thus get 

[cg , LBI(a, 6; m, A;, n)] = ^ / s + Ac ^\(\^'Q\(^c^^.^a,b;m + s,k,n) 

jez+ V / 

+ p(a,c)LBI(a,C(j)6, m, A; + s,n)) . 

An easier computation shows that the same formula holds with RBI instead of 
LBI, thus proving (2.61). The second part of the lemma is now obvious. □ 

For n e Z we denote by BI(o, b; z, w; n) the generating series of all elements 
(2.60), namely (see (2.59)) 

BI(a, 6; 0, n) = ^ 0-'"-^"'u;-'=-^''+"BI(a, 6; m, fc, n) 

= Main+j)b, w)di6^^{z - w)/j\ (2.65) 

- (Yr{a, z)Yr{b, 'w)iz,w - p{a, b)Yr{b, w)Yr{a, z)iw^z^ {z - w)" . 

The second equality follows by a straightforward computation. Notice that, 

since (2.49) is equivalent to (2.43) with n = 0, the F-twistcd fields Yr{a, z), a G 
V, are pairwise local formal distributions, i.e. one has {z—w)^[Yr{a, z), Yr{b, w)] 
= for an integer N ^ 0. By comparing the coefficients of ^-^-^o in both 
sides of equation (2.65) we get, by a straightforward computation. 



fe ^!.+"BI(a, 6;m, fc,n) = Res2_^lr(5^(a, -2 - w)6, w)i,„,z_,„i^(2;, w) 

-ReSz(Yr{a, z)Yr{b,w)iz,w - p{a',b)Yr{b,w)Yr{a, z)iu,,z^F{z,w) , (2.66) 

where F{z,w) = z'"+'^"^^(z — w)", and as before, iz,w denotes expansion in the 
domain \z\ > This formula is analogous to yet another form of Borcherds 
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identity, sec [FHL], [K, Sec4.8]. Note that if we replace F{z,w) by w^F{z,w), 
the RHS of (2.66) changes by an overall factor w'. Hence the subspace B of 
U is spanned by the coefficients of all powers of w in the RHS of (2.66), where 
F{z,w) is z^''w'^, r G R, times an arbitrary rational function in z and w with 
poles a,t z = OjW = 0, z = w. 

For every a gV, homogeneous with respect to H- and F/Z-grading, fix an 
element nia G fa (later wc will choose m,a = Ca + !)• We define the normally 
ordered product of F-twisted quantum fields as follows (see 2.44): 

: Yr{a, z)Yr{b, z) : = Res,(^/«;)'"»+^°-i {Yr{a, z)Yr{b, w%,^ 

- p{a,b)Yrib,w)YTia,z)i^,,yz-w)-^ . (2.67) 

By computing the residue in 2, we can rewrite the above definition in the more 
familiar form 

: Yr(a, z)Yr{b, z) : = Yr{a, z)+Yr{b, z) + p{a, b)Yr{b, z)Yr{a, z)- , 

where 

Yr(a,z)+ = Yl "m-J-™-^" , Yr{a,z). = ^ a™^"™"^" . 

meea,m<m<, meea,m>ma 

(Notice that the above definition depends on the choice of rria € ea-) If we put 
n = — 1 and m = nia in (2.66), we then get, after computing the residue in 
z — w, 

BIi(a,6;M;) := ^ w;-'=-^''-™»-'^°BI(a, 6; Wa, fc, -1) (2.68) 

= ^ fma + ^a ^\Yr{a(^j_i)b,w)w~^- : Yr{a,w)Yr{b,w) : . 
jez+ V J / 

Lemma 2.27. The subspace B c U is spanned by all elements of the form 
BI{a, b; rua, k, —1), with a,b and k S e^. 

Proof. By the above observations B is spanned by the coefficients of all powers 
of w in the RHS of (2.66), with F{z,w) = z"wf^{z - w)^ , a G 7 e Z. 

Notice that every such function F{z,w) can be written, by partial fraction 
decomposition, as finite linear combination over C[w^^] of monomials z^, with 
p G 7a, and z'"»+'^»- 1(2 -«;)«, withjnteger q < -1. But the RHS of (2.66) with 
F{z,w) = zP is identically zero in U. This follows by the commutator formula 
(2.57) for elements of Lnxi^) C U. Moreover it is easy to show using (2.56) that 
the RHS of (2.66) with F{z,w) = z"'"+'^"-i(z-w)-"-\ n > 0, is a finite linear 
combination over C[w^i] of expressions as in the RHS of (2.66) with a replaced 
by a, Ta, . . . , T"a, and F{z, w) = z'"°+'^''~i(2; — w)"^. It immediately follows by 
the above observations that the subspace B C U is spanned by the coefficients 
of all powers of w in the RHS of (2.66) with F{z,w) = z"'-+^--\z - w)-K 
The claim follows immediately. □ 
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Consider the subalgcbras Lq, L> = (Bj>aLj, L> = (Bj>oLj and L< = 
(Bj<oLj of the Lie superalgebra Lnxi^)- Note that, 

Lo = Vr/{T + H)Vr, 

with the Lie bracket (cf. (2.57)) 

jez+ \ J y 

Due to Theorem 2.13(c) and (f), and formula (2.4), we have a canonical surjec- 
tive Lie superalgebra homomorphism 

Tp-.Lo^ ZhurV , (2.69) 

induced by the map oq a. Here the associative superalgebra ZhurV is viewed 
as a Lie superalgebra with the usual Lie superbracket. 

Now let Mo be a module over the (associative) superalgebra ZhurV. Then, 
in particular, it is a module over ZhurV viewed as a Lie superalgebra, hence, 
using the homomorphism ijj defined by (2.69), Mq is an io-module. Extend it 
to a L>-module by letting LjMo = for j > and consider the induced module 
V{Mo) := Ind^.^ f^Mo. The reversed grading of L (j i-^ —j) induces on V{Mo) 
an M+-grading, which makes it a "positive energy" Li/,r(V^)-module, in analogy 
with Definition 2.21: 

V{Mo) = (Bj^oMj , Mo = Mo , L,Mj C M,_, . 

Denote by V'(Mo) the quotient of the Lh, r{V)-inod\i\c V(Mo) by the maxi- 
mal graded submodule intersecting Mq trivially. It is again a positive energy 
Lh r(V^)-module: 

F(Mo) = ©,,„M, . 

Of course, V{Mo) and V{Mo) are {/-modules and, by the "positive energy" 
condition, they are also {/-modules. 

Lemma 2.28. Let Mq he a module over the associative algebra ZhurV. Then 
V{Mq) is naturally a T-twisted positive energy module over the vertex algebra 
V. 

Proof. By the definition of a F-twisted positive energy module over V, it suffices 
to prove that 

BV{Mo)=0, (2.70) 

where B C U is the subspace spanned by the elements BI(a, b; m, k, n) in (2.60). 
For that consider the left submodule M' = UB Mq of the {/-module V{Mq). It 
is obviously a graded submodule: M' = ©j>(,Mj. We want to show that M' 
intersects Mq trivially, so that it maps to zero in V{Mo). Due to the FEW 
theorem, M' is the span of elements of the form 

a\^^...a^_^jl^...b'^^ B{Mo), 
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where aL,,,;^ G L<, i.e. mi > 0, and 6^. G L>, i.e. > 0. Since by Lemma 2.26, 
[bi, B] C B, and since b^^o — for 7i > 0, we conclude that M' is the span of 
elements of the form 

al^^ . . . at^^ B{Mo) , where al^^ G L< . (2.71) 

Obviously B = (BjemBj is a graded subspace of U and BjMq = for j > 0. 
Hence the zero degree component of M' is 

M'nMo = UiLo)Bo{Mo) . 

We need to show that this is zero, namely that Bq{Mo) = 0. By Lemma 2.27, 
Bq is spanned by the elements BI(a, b; ta + Ij —^a — 1, —1), with a,b such 
that ea + Cfe G Z. Hence Bo(Mo) is spanned by (cf. (2.29)) 

BI(a, 6; Ca + 1, -fa - 1, -l)(Afo) = {{a(-i,n=ix)b) ^ (2.72) 
~ X] ('^e„_,^-e„+j +p(a,6)6_<:^_i_jae„+j+i))Mo. 

But if ea 7^ 0, then a(-i,ft=i,r)'' G Jft=i, hence (a(-i,ft=i,r)'')o Afo = 0, since Mq 
is by assumption a Z/iwrF-module. Moreover, if ea all summands of the 
sum in the RHS of (2.72) annihilate Mq since — > 0. Finally, if Ca = then 
a, 6 G Vr and the RHS of (2.72) becomes ((a(_i^ft=i^r)&)o — ao&o) Afo, which is 
again zero since, by assumption. Mo is a Z/iurV^-niodule. 

So far we proved that M' is a submodule of F(Mo) intersecting Mq trivially, 
hence in V{Mq) we have BMq = 0, or equivalently 'Qli{a,b; z)Mq = 0, where 
BIi(a, &; z) was defined in (2.68). We remarked above that all EndF(Mo)-valued 
fields YY{a,z) = Ylm^t «n-2^~"~'^° are pairwise local. Moreover the same argu- 
ment used to prove Dong's Lemma (see e.g. [K, Lemma 3.2]), can be used 
to show that the F-twisted fields Yr(a,z) are local with the normally ordered 
products : Yrib, z)Yy-{c, z) : defined in (2.67), and hence with the formal distri- 
butions BIi(a, b; z) in (2.68). Then by Lemma 2.23, BIi(a, b; z)V{Mo) = 0. But 
by Lemma 2.27, this implies (2.70). □ 

Lemma 2.22 defines a "restriction" functor M Mq from the category 
Mody^ of F-twisted positive energy F-modules to the category ModzhurV of 

modules over ZhurV. Lemma 2.28 defines an "induction" functor in the oppo- 

r + 

site direction, from the category Mod^-^MrV to the category Mody , given by 
Mo V{Mo). We next want to understand in what sense the above functors 
are inverse of each other, thus establishing an equivalence of categories. 

Definition 2.29. We shall call an R+-graded module M = (Bj^gMj over an 

R-graded Lie superalgcbra L or over a vertex algebra V, an almost irreducible 
module if Mq generates the module M and M contains no graded submodules 
intersecting Mq trivially. For example, the Li/_r(V')-inodule V{Mo) is almost 
irreducible. 
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It is clear that the restriction functor M Mq from the category of almost 
irreducible L//,r(^)-modules to the category of Lo-niodules and the induction 
functor Mo i— > V{Mo) are inverse to each other. Moreover, these functors es- 
tablish a bijectivc correspondence between irrcdnciblcs of these categories, since 
clearly an L//^r(^)-module V{Mo) is irreducible if and only if the Lq -module 
Mo is irreducible. 

We can now state the main theorem of this section, which is an immediate 
consequence of the above results and Definition 2.29. 

Theorem 2.30. The restriction functor M ^ Mq is a functor from the category 
of positive energy T -twisted V -modules to the category of ZhupV -modules, which 
is inverse to the induction functor Mq V{Mo), on the full subcategory of 
almost irreducible T-twisted V -modules. In particular, these functors establish a 
bijective correspondence between irreducible positive energy T-twisted V -modules 
and irreducible ZhurV -modules. 

3 Non- linear Lie algebras and non-linear Lie con- 
formal algebras 

We review here the notions of non-linear Lie superalgebras and non-linear Lie 
conformal superalgebras, introduced in [DK]. 

In this section, r+ is a discrete, additively closed subset of M+ containing 
0. We let = r+\{0}, and for <^ e we denote by C- the largest element of 
r_|_ strictly smaller than C,. 

3.1 Non-lineeir Lie superalgebras 

Let be a vector superspace, and let T(g) denote the tensor superalgebra over 
Q. We assume that q is endowed with a F'^^-grading 

= SC , 

and we extend it to a grading T{q) = @q^y+ ^(0)[C] in the obvious way, namely, 
writing C(A) = ( when A € T{q)[C], we require that C(l) = and C,{A ® B) = 
C,{A) -\- C{B). We have the induced increasing F+-filtration by subspaces 

^c(0) = 0n0)[C']. 

C'<C 

If g is endowed with a linear map 

[, ] : ^ T(0) , 

we extend it to T{g) by the Leibniz rule: 

[A,B<S)C] = [A,B](»C + p{A,B)B(^[A,C] , 
[A^B,C] = A(^[B,C]-\-p{B,C)[A,C]®B. 
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Let, for C e r+, 



, . . ^ f A (6 (g) c - c)c (g) 6 



6,ce fl,A,D e r(0), 
C{A b (g) c (g) D)) < C 



and let A^(0) = A^^(0). Note that M{q) is the two sided ideal of the tensor 
algebra T{g) generated by elements a®b — p{a, b)b®a— [a, 6], where a, 6 e fl. 

Definition 3.1. A non-linear Lie superalgebra g is a F^-graded vector super- 
space with a parity preserving linear map [ , ] : <8) — >■ T{g) satisfying the 
following properties (a, b.c G g): 

1. grading condition: [0Ci,0C2] C ^Ci+C2)-(s), 

2. skcwsymmctry: [a,b] = —p{a,b)[b,a], 

3. Jacobi identity: 

[a, [b, c]] - p{a, b)[b, [a, c\] - [[a, 6], c] G 7W(^(a)+(;(6)+c(c))_ (0) • 

The associative superalgebra U{q) = T{q)/M{q) is called the universal en- 
veloping algebra of the non-linear Lie superalgebra 0. 

Definition 3.2. Let U be an associative superalgebra and let B = {-Eijigx be 
an ordered set of elements of U, compatible with the parity. Wc shall say that 
S is a set of PBW generators of U (and that U is PBW generated by B) if the 
collection of ordered monomials 

S = ^Ei^ ■■■Ei^ ii < ■ ■■ <is and ik < ik+i if = l| • 

is a basis of U. If is a F^-graded subspace of U and any basis of 0, compatible 
with parity and F^-grading, PBW generates U, we shall say that U is PBW 
generated by 0. 

It is not difficult to show by the usual method (see e.g. [J]) that the PBW 
theorem holds for the universal enveloping superalgebra U{q) of a non-linear 
Lie superalgebra 0: 

Theorem 3.3. Let g be a non-linear Lie superalgebra. Then U{q) is PBW 

generated by q. 

In order to state a converse theorem, wc need the following 

Definition 3.4. Let U be an associative superalgebra, generated by a F'.^.- 
graded subspace = 0^£r^ SC- Define an increasing filtration of U induced by 
the F^-grading of 0, i.e. the filtration by the subspaces 

Uc = E 0Ci---0f3 • (3.1) 

Ci+---+C=<C 

We shall say that U is pregraded by F+ if 

[flfi.flC2]^ C C/(Ci+C2)- , (3-2) 
where [, ]^ denotes the commutator in the associative superalgebra U. 
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Let U be an associative supcralgebra and let g = ^r^r' flC ^'^ ^ subspace of 
U. We shall assume that U is PBW generated by an ordered basis B = {Ei \ i G 
l} of g compatible with parity and F^-grading. Moreover we assume that U 
is pregraded by r+. We have 1 = where C{Ei) = ^ for i e Xf. It is 

convenient to introduce the following notation for j = {ji, . . . ,js) e X* with 



C(J) = Ci + 
#(J) = #|(p,a) 



Let 



liA = Ei. 



'E, 



• + C, , (3.3) 
I <p < q < s and either jp > jq , \ 
or jp = jq and p{EjJ = 1 j " 

= 0, C(«) < C} , S 

#(?) = 0, a^) < c} , ^ = U 



U ^c; 

Cer+ 



)Ej^ , we will also let sometimes ({A) 



CO") and #(A) 



Let TT be the natural quotient map 

TT : T(fl) 

given by 



7r(oi (8i • • • <8) (Xri 
and let p be the embedding 



= ai • • • a„ 



for ai, . . . ,a„ e , 



p : U 



given by p{Ei^ ■ • ■ Ei^) = Ei^ (g) • • • (8> Ei^ for every element from S. Note 
that wop = Iif. The surjective map w induces the r_|_-filtration on U, given 
by the subspaces (3.1), namely Ut^ = n{T^{Q)). On the other hand, since by 
assumption U is PBW generated by B, the injective map p defines a r+-grading 
U = 0^ U[Q (as a vector space, not as an algebra), by the condition p{U[(]) C 
T(0)[C], i.e. 

U[C] = spanc(5c\5c_) . (3.4) 
Moreover, thanks to the embedding p : U ^(fl)) we can define a linear map 



given by 



[a, 6] 



and we extend it to a linear map 
rule, as explained above. 



^ T(0) , 

p(ab — p(a, b)ba) , 
: ^(fl)^^(fl) 



(3.5) 

T{q), by the Leibniz 
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Lemma 3.5. (a) The T j^- filtration (3.1) is induced by the T^-grading (3.4): 

Uc = ^u[C]. 

(b) We have 

7^(0) = spancSc + Mcio) . 

Proof. It is clear by definition that ®|'/<|j C^[C'] C J7^. In order to prove the 
reverse inclusion, consider an arbitrary (not necessarily ordered) monomial A = 
Ej^ . . . Ej^, and assume that ({j) = ( (recall notation (3.3)). We want to prove, 
by induction on (C(J),#(J)), that A G ®^,<^U[C]. If #(J) = 0, we have 

A G U[C], so there is nothing to prove. Let #(j) > 1 and let k be such that 
either jk > jk+i, or jk = jk+i and p{Ej^) = 1. In the first case we have 

A = p{Ej^ , Ej^^^ )Ej^ . . . Ej^^^Ej^ ■ ■ ■ Ej^ 
+ . . . [Ej^ , Ej^_^_^] ■■■Ej^ = B + C . 

Obviously C{B) = CU) a-nd #(i?) = #(.?) — 1, so by the inductive assumption 
B G 0f'<^ U{C']- Moreover, by the grading condition (3.2), we have C € C/f_, 
hence, by the inductive assumption, C G ®(;'<^ ^[C]- Suppose now jk = jk+i 
and p{EjjJ) = 1. In this case we have 

^ = ■ ■ ■ [^ik ' ^3k+i\ • • • ^js 1 

so that, by (3.2), A G ?/(;_, and, by inductive assumption, A G ®qi<cq^\C']- 
This proves part (a). In order to prove part (b) we need to show that, given an 
arbitrary (not necessarily ordered) monomial A = Ej^<S:- ■ - ^Ej^, with (^(j) = (, 
we can decompose it as 

A ^ P + M , (3.6) 

where P G spanj;,^^ and M G A4q{q). The argument is very similar to that used 
in part (a), by induction on the pair (C(i);#(j))- For example, if #(j)) > 1 
and k is such that jk > jk+i, we have, by definition of A4f (g), 

A = p{Ej„Ej,^,)Ej,^...Ej,^,^Ej,---^Ej^ (3.7) 
+ Ej,^---(^ [Ej^ ,Ej^^^]^---^ Ej^ mod (fl) . 

By the grading condition (3.2) and part (a), we have [Eji^ , Ej^^^^]^ G ^/(Cfc+Cfc+i). = 
0^'<^j^+(jj^ J U[C]- This imphcs, by the definition (3.4) of the grading of U, 

that [4'i.,J = P([%.%+J^0 e e^,^^^^^^^^r(fl)[c'] = %+a.i)-(0)- 

Therefore the second term in the RHS of (3.7) belongs to %^_{q). We thus use 
induction to conclude that both terms in the RHS of (3.7) decompose as in 
(3.6). □ 
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Theorem 3.6. Let U he an associative algebra, let q he a T'_^_-graded suhspace of 
U, and let B be a basis of g compatible with parity and T'j^-grading. Suppose that 
U is PBW generated by B, and that it is pregraded by r+. Then the linear map 
[ ) ] • fl ® — ^ ^(0)7 defined, by (3.5), defines a structure of a non-linear 
Lie superalgebra on g, such that U is canonically isomorphic to the universal 
enveloping algebra U{g). 

Proof. First, let us list some simple facts about U and T{g): 

(a) [U(^i,U^.^]^ C t/(^^+^2)_, where, as before, [, ]^ denotes the commutator 
in U. 

(b) [^1(0), "7^2(0)] C ^Ci+C2)-(fl)> where here [,] denotes the "non-linear" 
bracket of g, given by (3.5), extended to T{g) by the Leibniz rule. 

(c) 7r{[A,B]) = [7riA),7r{B)f, for A,B G T{g). 

By (3.2) we have [0^1,0^2]^ C C/(^i+i^2)_. Hence (a) follows by applying the 
Leibniz rule to the commutator of arbitrary monomials and by the definition 
(3.1) of the filtration [/^. By Lemma 3.5(a) we also have 

[0fi,0cJ C P(C/(C.+C.)-) = P{® U[C]) C T{g)[C] = 7^Ci+C.)-(0) • 

C'<Ci+C2 C'<Ci+C2 

(b) then follows since, by definition, [ , ] is defined on T(g) by the Leibniz rule. 

(c) is obviously true when A,BGg, since wop = Hence (c) holds for 
arbitrary monomials A, B G ^(0), since both the left and the right hand side 
satisfy the Leibniz rule. 

We can now prove the theorem. We need to show that [ , ] satisfies the axioms 
of a non- linear Lie superalgebra (sec Definition 3.1). The grading condition is 
a special case of (b). Skewsymmetry is obvious. It remains to prove the Jacobi 
identity. We denote, for a,b,c G g 

J{a,b,c) = [a,[b,c]]-p{a,b)[b,[a,c]]~[[a,b],c] e T{g) , 

and we need to show that J{a, b, c) G M(^_ (0), where ( = ({a) + ({b) + C(c). By 
(b) we have J(a, b, c) e (g). Hence by Lemma 3.5(b), we can decompose J = 
P + M, with P e span^S'c^ and M £ M(_ (g). By (c) we have 7r( J(a, 6, c)) = 
[a, [&,c]^]'^ - p{a,b)[b,[a,c]'^f - [[a,bf,c]'^ = 0, since obviously the Jacobi 
identity holds on U. On the other hand 7r(M) — 0, by definition of M(;{g). 
We thus have it{P) = 0. Since, by assumption, U is PBW generated by B, 
we have tt : spanks' U. Hence P = 0, and J{a,b,c) = M G A^c-(fl)' ^ 
required. □ 

3.2 Non-lineEir Lie conformal superalgebras 

In this section, following [DK], we recall the definitions and results in the (more 
difficult) "confrmal" case, similar to those in the non- linear Lie algebra case. 
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discussed in the previous section. In particular we show that the category of non- 
Unear Lie conformal algebras is equivalent to that of pregraded freely generated 
vertex algebras. 

Let i? be a C[T]-module together with a F^-grading by C[T]-submodules: 

R = i?c • 

We extend the action of T to be a derivation of the tensor algebra T{R) of 
R, viewed as a vector superspace, and we extend the r+-grading to T{R) = 
0^gP^ T{R)[C] in the obvious way. We also let T^(i?) 0<;'<^ ^(-R)[C'] be the 
induced increasing filtration. 

We say that i? is a non-linear conformal algebra if it is endowed with a linear 
map 

[ A ] : R<SiR — ^ C[\]0T{R) , 
called the X-bracket, satisfying the following conditions: 

1. grading condition: [ii^^ X R(2] C C[A] ® 7^^j+|^2)_ (i?), 

2. sesquilinearity: [Ta x b] = -X[a x b] , [ax Tb] = {X + T)[a x h]. 

It is not hard to show, by induction on ^ S r+, that the A-bracket can be 
extended to the whole tensor algebra T{R), by using the axioms in the fourth 
definition of a vertex algebra (see Section 1.5): 

Lemma 3.7. [DK] If R is a non-linear conformal algebra, there is a unique 
way to define linear maps 

T{R) O T{R} — > T{R) , A^B^ :AB: , 

T{R) (g) T{R) C[A] T{R) , A^B^ [A x B] , 

such that [ax b], with a,b G R, coincides with the X-bracket on R, : aB := a^B if 
a e R and B e T{R), and the following relations hold, with a,b & R, A,B,Cg 

T{R): 

■.lA: = ■.Al:=A, [1 a A] = [A a 1] = , 
: (a (8> B)C : = : a{: BC :) : + : J dX a^B x C] : 

+ pia, B):[J dA b) [a A q : , 
[a A (6® C)] = : [a A b]C : +p{a,b) : b[a x C] : 

+ dii [[a xb]i,C] , 
Jo 

[{a ^B)xC] = : (e^^^a) [B x C] : +p{a, B) : (e^^s) [a x C] : 

+ p{a,B) [ dii [B ^[a x-,, C]] . 
Jo 
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The above linear maps satisfy the following grading conditions 

For 1^ G r+ we let A4(^{R) be the subspace of T{R) spanned by the elements 

A®[{h®c®D-p{b,c)c®h®D- -.(^j d\[b x c]^D -.^ , (3.8) 

with b,c e R, A,D G T{R), such that A igi b (gi c D G 7^(-R). We also let 
■M{R) = lj|,gp^ A^(;(i?). This is the analogue of the space A4{g) defined in 
the previous section, but now M{R) is only a left ideal of T{R), not a two- 
sided ideal. In particular the quotient space T{R)/ M.{R) is not an associative 
algebra. 

Definition 3.8. A non-linear Lie conformal algebra is a non-linear conformal 
algebra (defined above) satisfying the following additional conditions: 

3. skcwsymmetry: [a x b] = —p{a,b)[b -x-t o] for a,b € R, 

4. Jacobi identity: 

[a x[bi, c]] - p{a,b)[b ^[a x c]] - [[a x b] x+t, c] e C[X, fi] ^ M^iR) , 
where a,b,c€ R and C = (C(a) + C(^) + C(c))-- 

Example 3.9. Let i? bo a Lie conformal algebra with A-brackct [. x ■] and let 
R = R(BCC be its central extension, where C is a central element, TC = and 
the A-bracket oi a,b G R C R is [a x b]'^ = [a x b] + (p{a, b)C, with (p{a, b) G C. 
Then we can construct a non-linear Lie conformal algebra structure on R by 

[a X b\^ =[a xb]+ (fi{a, b) , 

and the trivial grading R = Ri. Similarly, a central extension of a Lie algebra 

can be viewed as a non-linear Lie algebra structure on g. 

The following theorem, is a "conformal" analogue of the PBW Theorem 3.3 
for non- linear Lie algebras. Its proof is much more difficult (see [DK] for details). 

Theorem 3.10. [DK] Let R be a non-linear Lie conformal algebra. Then there 
is a canonical structure of a vertex algebra on the space V{R) = T{R)/A4{R), 

called the universal enveloping vertex algebra of R. such that the vacuum vector 
is \0) = 1 modA4{R), and such that the infinitesimal translation operator, the 
normally ordered product and the X-bracket on V{R) are induced by T, : : and 
[ X ] respectively. Moreover the canonical map tt : T{R) y{R) induces a 
C[T]-module embedding R C V{R) and V{R) is freely generated by R, namely, 
any ordered basis B of R, compatible with parity and T'^-grading, freely generates 
V{R) (in the sense of Definition 1.19). 

We next want to state the converse of Theorem 3.10, i.e. the "conformal 
analogue" of Theorem 3.6 of the previous section. 
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Definition 3.11. Let V be a vertex algebra, strongly generated by a free 
C[T]-subniodule R = C[T] (g) g, where q = 0^gp/^g(j- Define an increas- 
ing r_|_-filtration by subspaces of V, induced by tlie F^-grading of i? = 
©Cer; {^[^] flc) ' where we let degT = 0. Namely 

- E ■■{T'^QcJ---iT''3iJ-- ■ (3.9) 

ki fe,ez+ 

Ci+---+C,<C 

We shall say that the vertex algebra V is pregraded by r_|_ if the A-bracket on 
V satisfies the following grading condition 

[flCi Aflc^] C C[A]®%+^,)_ . (3.10) 

Example 3.12. Suppose the vertex algebra V is freely generated by C[T] (gjg and 
it has a Hamiltonian operator H with eigenvalues in r+, such that Hg c Q 
and n V[0] = 0. Then the corresponding eigenspace decomposition g = 
©AeSpecJ? fll^] iiiakes V a pregraded vertex algebra. Notice that in this case 
the r_|_-filtration Va defined in (3.9) is not induced by the if-eigenspace decom- 
position of V. Indeed the filtered space Va is preserved by T, while we know 
that T increases the conformal weight by 1. On the other hand we clearly have 

^[A'] C Va . 

A'<A 

From this we get 

[0[Ai] A 0[A2]] C C[A] ® ( y[A]) c C[A] Fa.+a.-i , 

A<Ai+A2-l 

which proves, as we wanted, that V is pregraded by F+. 

It is not hard to show, by induction, that the grading condition (3.10) can 
be extended to the whole vertex algebra V, namely we have 

Lemma 3.13. [DK] IfV is pregraded by r_|_, then we have, for Ci, C2 G r+, 

The proof of the following result is similar, though somewhat more com- 
plicated, than the proof of Theorem 3.6 in the previous section, and it can be 
found in [DK]. 

Theorem 3.14. [DK] Let V be a vertex algebra. Let R = 0(;gr; i'^l'^] ® flc) 
be a V^-graded free C[T]-submodule. Assume that there exists a basis of R, 
compatible with parity and T'^- grading of R, which freely generates V . Moreover, 
assume that V is pregraded by r+ . Then R admits a structure of a non-linear 
Lie conformal algebra 

[x] ■■ i?<8)i? — >■ C[X]^T{R) , 
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compatible with the \-bracket of V , in the sense that TT{[a X b]^) = [a x b]^ 
for a,b G R. We are writing upper indices R and V to distinguish the X-bracket 
of V from the non-linear X-bracket of R, and, as before, n denotes the quotient 
map T{R) V{R). Moreover V is canonically isomorphic to the universal 

enveloping vertex algebra V{R). 

Remark 3.15. A homomorphism of FY-graded non-linear Lie conformal algebras 
R and R' is a C[T] -module homomorphism <p : R ^ R' preserving Z/2Z and 
r'|_-gradings, such that the induced map T{R) T{R') satisfies the following 
properties: 

AB :)- : 4>{A)<P{B) : e MaA)+aB){R') , 
cj,{[A X B]) - [^{A) X ci^iB)] e C[A] • 

It is not hard to see, using Theorems 3.10 and 3.14, that the category of F^- 
graded free, as C[T]-modules, non-linear Lie conformal algebras is equivalent 
to the category of r+-prcgraded vertex algebras, freely generated by a free 
C[T]-module. In particular R and R' are isomorphic non-linear Lie conformal 
algebras if and only if the corresponding universal enveloping vertex algebras 
F(_R) and V{R') arc isomorphic vertex algebras. Of course, similar facts hold 
in the non-linear Lie algebra case as well. 

Remark 3.16. Let i? be a non-linear conformal algebra which satisfies the 
skcwsymmctry condition 3 of Definition 3.8. The necessary and sufficient con- 
dition for i? to be a non-linear Lie conformal algebra, i.e. to satisfy condition 
4 of Definition 3.8, is as follows. Choose an ordered basis B of R, compatible 
with Z/2Z and r'_^-grading. Write the LHS of the Jacobi identity J(a, b, c; A, /z) 
of three elements o, 6, c G B, as an element of T(i?)[A,/u] in terms of linear 
combinations of products of a"s. Using skewsymmetry and quasiassociativ- 
ity rules, rewrite J(a. 6, c; A, /i) as a sum of an element of M{R), which we 
ignore, and a linear combination of ordered monomials. Then all coefficients 
of this linear combination should be zero. It immediately follows from Defi- 
nition 3.8 and Theorem 3.14 that this condition is respectively sufficient and 
necessary. If R is freely generated, as a C[T]-module, by a set B, we can take 
B = {T^'^^Gi I fc e Z+, ttj e S}. Then it suffices to check the above condition 
for J(a, 6, c; A, /i) for all triples of elements of B. Similar remarks hold in the 
ordinary algebra case. 

3.3 The if- twisted Zhu algebra of a non-linecir Lie confor- 
mal algebra 

Let y be a vertex algebra with a Hamiltonian operator H. Let i? C ^ be a 
free C[T] -sub module R = C[T] (g) g, where g is an if -invariant subspace of V. 
As usual, we let V[A] be the eigenspace of H with eigenvalue A, and we denote 
g[A] = g n V[A]. We also fix a F^-grading of g by //-invariant subspaces: 

= flC , (3.11) 
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which wc extend to a F'^-grading of R by letting deg(T) = 0. We assume that 
there exists an ordered basis of R, compatible with parity and F^-grading, which 
freely generates V. Moreover, we assume that V is pregraded by r_|_, according 
to Definition 3.11. 

By Theorems 3.10 and 3.14, the above assumptions are equivalent to say 
that R = C[T]g admits a structure of non-linear Lie conformal algebra, and 
that V is isomorphic to its universal enveloping vertex algebra V{R). 

Thanks to Lemma 3.13, condition (3.10) immediately implies the following 
stronger grading conditions: 

: Vc.Vc, : C Fci+C. ^TV^ C , [Fc, a C C[X] ® V^^,+^,) _ . (3.12) 

Recall the definitions of the *„-products and the *-brackct on V. given in Ex- 
ample 2.15. We immediately get from (3.12) the following further grading con- 
ditions, for k e Z+: 

*_fc_i c F^i+C2 , % *fc c , 

[Va * c y(c,+c,)_ . (3.13) 

Remark 3.17. If the Hamiltonian operator H has eigenvalues in F'|_, then we 
can just take = q[Q, and the grading condition (3.10) is satisfied. Notice 
that, in this case, the r+-filtration is not induced by the if-grading, as the 
subspaces are preserved by T, while T increases the conformal weight by 
1. On the other hand 0A<f ^[^] C , from which condition (3.10) follows 
immediately. 

We fix an ordered basis B of g, compatible with the F^-grading (3.11) and 
the iJ-grading: 

B = {ca \ a £ T} . 

We let Ca = C if e fl,^, and A^, = A if G fl[A]. Moreover we let = 
{a I Ca = C} and T[A] = {a \ A^ = A}, and we extend B to the following 
ordered basis of ii = C[T]0: 

B = {ei = T^'^^Ca I i = (a, fc) G J X Z+ =: x} . 

As before^ T^^) = T'^/fc!. Recalhng that TV^ C V(; and TV[A] C ^[A + 1], we 
let ^I^ X Z+ and I[A] = \J^^^^I[A - k] x {k}. By Theorem 3.10, V is 
freely generated by R, hence the collection of ordered monomials 

5 = {■.ei,...ei, : \ #(?) = 0} . 

isabasisofy. Here and further, for j = {ji,---,js) GX", withj; = {ai,ki), ai G 
T^, nT[Ai], ki G Z+, we denote ^(i) and #(j) as in (3.3), and we let 

A(J) = Ai + ki + --- + A, + k,. 
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It is clear by definition that, for j = {ji, - ■ ■ ,js) € ^T*, we have : ej^ ■ ■ - ej^ : € 
^(0) ^[^(•^)]- de&ne the sets 

Sc = {-en-'-ei^ : | C(?) < C, = o} , 

S*^ = {e., *-i • • • *_i e,, I ((i*) < C , #(?) = 0} , 

so that the basis S can be written as 5* = 1J(^ '^'C' ^'^^ similarly we define S* = 
[j^S^. In the above formula, the *_i-product of more than two elements is 
defined, as for the normally ordered product, by taking products from right to 
left: *_i • • • *_i Cj^ = *_i (cj^ *_i (• • • *_i ej^)). Recall the filtration 
introduced above; we also define spaces in a similar way, with *_i-products 
instead of normally ordered products. In other words, 

Vc = spanc| : ej^ ■ ■ ■ e^^ : ({j) < c} , 

= spancjcj, *_i e^^ C{j) < C] ■ 

Lemma 3.18. (a) For every j = (ji, . . . ,js), we have 

Bj, *_i ej^ - :ej,--- ej^ : e ■ 

(b) The following spaces are equal: 

= spanks = = span^S^ . 

(c) S* is a basis ofV. 

Proof. We prove (a) by induction on For s = 1 there is nothing to prove, 

so let s > 2. By inductive assumption we have 

*_i • • • *_i ej^ = • ■ ■ ■ Gjs '■ + -A , 

where A e ^{i;(j)-i^{ej ))_■ Hence, by definition of the *_i-product, we have 

eji *— 1 ' ' * 1 ej^ = '. Gj^Cj^ • ' • ' ~\~ 1 -A 



ri>0 



+ J2 ( n + l ) (•ej2---e,3 • 



The grading conditions (3.12) guarantee that Cj^ („) (: Cj.^ • • • Cj., :) G ' 
and similarly conditions (3.13) guarantee that Cj^ *_i A e ^((J)_- This proves 
(a). 

We now prove, by induction on (, that = V^. Let j = {ji, . . . ,js) be such 
that ({j) = (. By (a) we have 

ej, *_i ej^ - :ej,--- ej^ : = A e Vq_ . (3.14) 
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Now wc can read equation (3.14) in two ways. On one hand, since : e^^ • • • e^^ : 
e , and A gV(_ C V^, we get ej^ *_i • • • *_i ej^ € V^. Hence C V^. On 
the other hand, we have ej^ *_i • • • *_i ej^ G V^, and, by inductive assumption, 
AeVi:_ ^ V^*_ C V;.*, so that : Cj, ■ ■ ■ ej, : e V^* . Hence V<; C V^*. 

To show that = spanj-.S'^, we use the standard argument. First notice 
that, obviously, spanciSi; C . So we only need to show that, given an arbitrary 
(non necessarily ordered) monomial : ej^ ' ' ' c-js • S ^C' C = C(j)7 can write it 
as a linear combination of ordered monomials : e^^ • • • e^^ : € 5^. We will prove 
the statement by induction on the pair ((^(j),#(j)) ordered lexicographically. 
If #(j) = 0, wc have : Cj^ ' ' '^j, '■ G S^, so there is nothing to prove. Suppose 
then #(j) > 1, and let p be such that jp > jp+i, or jp = jp+i and p{ej^) = 1. 
In the first case we have: 

+ • ■ ■ ■ (/ y ^^^^^p ^ ^jp+i]^ • • • ej, : = B + C . 

Obviously C{B) = ({j) and #(5) = #(i) — 1, so B e span^S*^ by inductive 
assumption. Moreover, it immediately follows by the grading conditions (3.12) 
that C e V(^_, hence C € spauc^^, again by inductive assumption. Consider 
now the second case, namely jp = jp+i and p{ej^) = 1. We have 




As before, the RHS belongs to span(-5^ thanks to the grading conditions (3.12) 
and inductive assumption. 

To conclude the proof of (b), we are left to show that = spanpS'J. We 
could proceed in the same way as above. Instead we will prove, cquivalently, that 
spaucS'^ = span^S'i^. The proof is again by induction on Q. Let i = (ii, . . . ,is) 
be such that C,{i) = Q and #(i) = 0. By (a) we have 

*_i - : • • • : = A e Vf_ . (3.15) 

By the previous result and inductive assumption wc have A G = span(^S'(;_ ~ 
spancS'^_. Hence it follows by (3.15) that both Cj^ *„i • • • *_i e,^ G spanj-S',^ 
and : • • -e,^ :G spaucS*^. This clearly implies that spaucS"^ = span^S*;;. 

Wc arc left to prove (c). By (b) wc only need to show that elements of S* 
are linearly independent. Suppose by contradiction that there is a non-trivial 
linear dependence, 

*_i • • • *_i Cj^ = 0. (3.16) 

i 

Let C be the largest value of ({i) for which c-- ^ 0. Thanks to (a), we can rewrite 
(3.16) as 

J2 Ci ■ei.-'-ei, : + A = , (3.17) 

i I C(i)=f 
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where A G V'^_ = span^S'^.. On the other hand, by assumption, 5 is a basis 
of V. Hence (3.17) implies that = for all i such that ({i) = (, which is a 
contradiction. □ 



For ^ e r_|_, we let 

-(-.t)---(t'K*-i---*-ie„, 

and 



where i = (ii, . . . , ig), 
i^iai, hi), ai e X[A;], hi G Z+ 



, (T('^^)eft)*_i---*_i(T('==)e^J 
iy, = spane<; _(-.)... (-A.)e,^,_,...,_,e,. 



CO) ^ Ci where 

i = (?'i • • • js), ki e Z+ 
ji = ({3i,ki), AeJ[A;] 



Moreover we let S = IJ,, S.^ and W = [j^ Wf . Obviously spaiicS^ C Wf . We 
will prove that the converse is also true. 

Lemma 3.19. If e = T'^'^^^Cfj^, Pi G % n2[Ai], ki G Z+, and A G W^, then 

e*-iA G Wfi+^ . 

Proof. Let 



A Mr->e,,). ...... -.(T.M,,.)_(-^'^^)^..(-^^.) 



6/32 *-l 6/3^ 



The lemma then immediately follows by the following obvious identity, obtained 
by adding and subtracting terms: 



e*_iA = (r(^^^)e/3j*_i(T('=^)e;3j*_i---*_i(r('==)e/3j 



e/3i *-ie/32*_i- • -^-le^. 



□ 



Recall from Section 2 that we denote by Jfi=i = V*-iV the span of elements 
a *_2 6 with a, 6 G We also denote, for ^ G r_|_. 



Ci,C2er+ 
Ci+C2<C 



so that V *_2 V = Ucer+ *-2 ^)^- We have the following 
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Lemma 3.20. (a) For A&V(^^, B e V^j, we have 

(T^'^)^) *_i B - {^^^''^A*_r B e V^, *_2 , (3-18) 



(b) For A e , B GVt^^, C e , we have 

A B G *_2 ^^C2 ■ Vfc > 1 , (3.20) 

{A *_i B) *_i C - A *_i (B *_i C) e (y *_2 F)(^,+^,+^3)_ , (3.21) 

A*_iB-p{A,B)B*_iA-[A , B] e {V*_2V)^^,+^,)_ . (3.22) 

(c) The following relations hold 

Vi, *-i (Fc, *_2 Fcs) C (y *-2 V)c,+C2+C3 , (3.23) 

[Vc, *-2 Vc,) *_i y^s c (y *_2 y)cx+c2+c3 , (3-24) 

[Vc. * (%*-2yc3)] C (y*_2y)(c,+G+C3)- > (3-25) 

[(y^ *-2Vc,) . Fca] c (y*-2y)(o+c2+c3)- • (3.26) 

Proof. We want to prove (3.18) by induction on k. For fc = 1 it follows imme- 
diately by equation (2.9). For fc > 2 we have 

The above identity is obtained by adding and subtracting ^ ( '^'^^*'^) (rA)*_i B, 
and using (2.9) with h = 1. Notice that, by definition, the filtered space is 
invariant by the action of T. Hence, by inductive assumption, both terms on 
the RHS side belong to V^^ *_2 V^2) ^ wanted. By (2.10) we have 



so it suffices to prove (3.19) for h = 0. We will prove it by induction on fc. For 

fc = 1 we have, by (2.11), 

[A,{TB)]+A{B)[A,B] = {T + H)[A,B] = [A , B] *_2 |0) , 
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and the RHS belongs to V(^j_|-ij2)_ *_2 Vq C {V *_2 y)(^j+^2)_. For > 2 we 
have, by adding and subtracting terms, 

[MT^'^^B)] - (-^f [A . B] 

+ ^ ^) ([^*(^^)] + ^(^)[^ * B]) . 

By inductive assumption, both terms on the RHS belong to {V *_2 y)(^i+^2)_, 
thus proving (3.19). 

We can now use the results of the previous section to deduce the rela- 
tions in part (b). Equation (3.20) follows immediately by (2.38) and (3.18), 
equation(3.21) follows by (2.17), (3.13) and (3.20), equation (3.22) follows by 

(2.19) , (3.12) and (3.18) with B = |0). 

We are left to prove part (c). Condition (3.24) follows by (2.18), (3.13) and 

(3.20) . Condition (3.25) follows by Lemma 2.6 and (3.13). For (3.23) we have, 
by adding and subtracting terms, 

A*_i(S*_2C) = p{A,B)p{A,C){B *_2C) *-i A 

+ [A,{B *_2 C)] + (a *_i {B *_2 C) 
-p{A, B)p{A, C){B *_2 C) *_i A-[A,{B *_2 C)]) , 

so that (3.23) follows by (3.24), (3.25) and (3.22). Finally, with a similar argu- 
ment, based on adding and subtracting the appropriate terms to [{A*-2 B)^C], 
it is not hard to show that (3.26) follows by (3.25) and (3.22). □ 

Lemma 3.21. (a) The following spaces are equal: 

spank's,; = Wf = {V *_2 V^)f . 

In particular 

span^T, = W = V *_2 V . 
(h) T, is a basis of V *_2 V. 

Proof Let J= (ji, . . . , js) be such that ji = {(3i,ki), pi G ii;^ nX[A;], ki 
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and CO) = Ci H Cs = C- We then have, by adding and subtracting terms, 



e/3i 



-Ai 



-A2 \ f -A, 
fc2 ks 



e/32 *-l 6/3, 



The first term in the RHS belongs to Vq^ *_2 V'f-Ci by (3.18), while the second 
term in the RHS belongs to (V *_2 V)(^ by induction on s and (3.23). This 
proves the inclusion Wc^ C {V *_2 y)c- 

We next prove the reverse inclusion: {V *_2 V^)c C T4^^. Recall that, by 
Lemma 3.18(b), Vq is spanned by elements Cj^ *_i • • • *_i Cj^ with < (. Let 
i*= (ii,...,is), withi; = {ai,hi), ai e J^inX[A;^], hi eZ+,andJ= {ji,...,jt), 
with ji = {pi,ki), pi e J(;2 ni[Af], ki € Z+, be such that C(?) = C! + • • • + = 

Ci! C{j) = Ci H + = C2, and Ci + C2 = C- We need to prove, by induction 

on C,^ that 

(eii *_i eij *_2 (e^i *_i • • • *_i e^J G . 

We will consider separately the two cases s = 1 and s > 2. For s = 1 we have 
Cii *_2 (cji *_i ejj = ((r + A)eiJ *_i Cj^ *_i • • • *_i e^, 

= (/ii + 1) ^^(TC^^+i^e^ J *_i (r('=^)e^J *_i (T^'^'Jeft) 

+ 1) i^kj) ■ ■ ■ i^h) • • • ^^*) 

+ (Al + /ii) (^(TC'^^e^J *_i (TC^^^e^J *_i • • • *_i (T^^^^e^) 

ftt') ("fct') • • • ("fcf ) '''^ • ■ • ''^') ^ • 

The last equality is obtained by adding and subtracting the same term and 
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using the obvious identity {hi + l)(ft^+\) = -(A} + /ii)( ^^^). For s > 2 we 
equation (2.16) with a = e^i, b = ei^*-^ - ■ •♦-lej,, c = ej^ ■ - ^-iBj^, n= — 1 
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and k = —2. We get 

(eji *-i ■ • • *-i ejj *_2 (eji *_i • • • *_i e^J 

= *_i ((ei2 *_i ejJ *_2 (e^i *_i • • • *_i e^-J) 

+eii *_2 ((ci, *_i CiJ *_i {ej^ *_i ejJ) 

+ H '^'^i ((^i2 *-i ei J *j (eji *-i ■ • • *_i ejJ) 

j>0 \ 

±(ei, *_i • • • *_i eij *_j_3 (ci, *j {ej^ *_i ■ • • *_i e^J)^ , 

where ± = p{ei^ei.^) ■ ■ ■p{ei^^ e^J. The first term in the RHS belongs to by 
Lemma 3.19 and by induction. Moreover, by the above result (for s = 1), also 
the second term of the RHS belongs to Wf . Finally, by (3.13) and (3.20), the 
last terms of the RHS belong to {V *_2 V)(^_ , so it belongs to Wf by induction 
on C,. 

To conclude part (a) we are left to prove that C span^Sf. We will 

use the usual argument. Let j = (ji, . . . ,js) be an arbitrary (not necessarily 
ordered) s-tuple with ji = (/?;, fc;), /3; G Iq [Aj], ki € Z+ and such that ({j) = (. 
Consider the corresponding element 

A = (T('=^)e^J*_i---*_i(T('==)e^J 



-Ai\ /-A, 
ki ) \ ks 



e/3i *-i • • • *-i G W^ 



c • 



We need to prove, by induction on the pair (C(i),#(i))) that we can write A 
as a linear combination of "ordered" elements from S,;. If #(j) = 0, we have 
A G S^, so there is nothing to prove. Then, suppose that #(j) > 1, and we 
consider the case in which there is some p G {1, . . . , s} such that jp > jp+i- The 
case jp = jp+i, p{ejp) = 1, can be studied in the same way. By adding and 
subtracting the appropriate terms, we can rewrite A as the sum of the following 
ten elements: 

Ai = ej^ *_i ^e^-p *_i ej„_^i *_i ■ • • *_i e^^ 

- (eip *-i Cj^+i) *-i 



*-i e,-. 



Ao = 



~t[i k^J *_!•■• *_i I 60^ *_i 60^^, *_i 60^ 



1=1 



(e/3p *-i e/3^+i) 



e/3p *-i e^^+i *-i • ■ • *-i e/s^ , 



65 



e,-. *_i • • • *_i 



^(ejp*-iejp+i)*-i---*-iej, 
(ejp+i *-i ejp) *-i ej^ - [ej^ * e^^+J *_i • • • *_i e^,^ 

~n( ^/^i *-i ^(e/3p *-i e/3p+i) *-i e/33 



'Fn( fcf') ^/Si *-i *-ie/3^) *-i 



e/3p+i *-i e/3p *_i ep^ 



eji *-i [Cj^ * ej^+J *_i ej^+, *_i • • • *_i e^,, 



[e/3p * e^^+J *_i ej^+, *_i • • • *_i e^^ J , 
eji *_i ejp_i *_i 

[[ef3, * e^P+i] *-i (I^^'^+^^e^.+J *-i (T^'-^e^J 

~ ri ( fcf * e;3^+i] *-i e/3p+2 *-i j , 

([e/3p * e/3p+i] *-i e/3p+2 *-i • • • *_i 

([e/3p * e^p+i] *-i e/3p+2 *_i • • • *_i , 
±(r('=i)e^J*_i---(r('=-+^)e0^^J*_i(r('=-)e;3^)---*_i(T('^=)e;3j 

n/'-AjN 66 
V fc; y ^'^^ *-i e/3p+i *-i ^/5p *-i eft • 



Here ± = p{ejp, ejp_^-i)- AH terms Ai, . . . , Aiq belong to span^E^ by inductive 
assumption. More precisely, Ai, A2, A^ and Aq belong to {V *-2 V')c_ = 
thanks to (3.21) and (3.23), hence by induction they belong to span|[^S^_ c 
spanj-Tij. Similarly. A3 and A4 belong to {V *-2 thanks to (3.22), (3.23) 

and (3.24). Ar belongs to {V *_2 F)f_, thanks to (3.19), (3.23) and (3.24). Ag 
belongs to {V *_2 ^)<_ , thanks to the equality = {V *_2 l^)c and conditions 
(3.13) and (3.23). Ag belongs to {V *_2 V)c^, by a simple induction argument 
based on (3.18). Finally, Am is such that ({{ji, ■ ■ ■ ,jp+i,jp, ■ ■ ■ ,js)) = Cil), 
but #((.ji, . . . ,jp+i,jp, ■ ■ ■ ,js)) = #(j) — 1) hence by inductive assumption it 
belongs to span^E^. This completes the proof of (a). 

To prove (b) we only have to show that elements of E are linearly in- 
dependent. But this follows immediately by the definition of E and Lemma 
3.18(c). □ 

Corollary 3.22. One has 

R n {V*^2V) = {T + H)R . 

Proof. The inclusion {T + H)R C Rn {V *-2V) is obvious, thanks to equation 
(2.9). On the other hand, by Lemma 3.21, the set 



-Ac 



is a basis iov RCi {V *-2V) and each such basis element is obviously in (T + 
H)R. □ 

Recall from Example 2.15 that the iJ-twisted Zhu algebra of V is, by defini- 
tion, the space ZhunV — V/{V *-2V), with the associative product induced by 
the *_i-product on V. We denote by ZhunR the image of i? C in ZhunV 
via the natural quotient map ■kz '■ V ^ ZhunV = V/iV *_2 V). More- 
over, thanks to Corollary 3.22, we have the following identifications: ZhuuR = 
R/ [T -\- H)R ~ Q. If e-a is the image of the basis element G in ZHuhR, we 
let, by abuse of notation, 

B = {ec\ aeJ} . 

Lemma 3.23. The associative algebra ZhuuV is PBW generated by B. 

Proof. It is an immediate corollary of Lemma 3.18(c) and Lemma 3.21(b). □ 

Notice that ZhunR has a natural F^-grading induced by the isomorphism 
ZhuHR ®cer; flC- 

Lemma 3.24. The Zhu algebra ZhuuV is pregraded by F+. 
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Proof. Recall the definition of the r_|_-filtration of ZHuhV induced by the F^- 
grading of ZhunR- It is given by 

{ZhunV)^ = spanc|e;3i . . .e^^ /3fe e X^^, , Ci H h C < C} • 

In particular, by Lemma 3.18(b), we have {ZhuRV),^ = irziYc)- We then have, 
by (3.13), 

[{ZhuHR)^^,{ZhuHR)^^] = 7rz([0Ci * 0C2]) 
C 7rz(%+c2)-) = (^/iWff^)(Ci+C2)- • 

According to Definition 3.4, this implies that V is pregraded by r+. □ 

Lemma 3.23 and Lemma 3.24 guarantee that all the hypotheses of Theorem 
3.6 are satisfied. In other words ZHuhR has a structure of non-linear Lie algebra 
and ZHuhV ~ U{ZhuHR). 

We can summarize all the above results in the following 

Theorem 3.25. Let V be an H -graded vertex algebra, and let RdV he a free 
C\T\-module R = C[T] i8> g. Assume that q has a a,n H -invariant T'j_-grading, 
Q = ©^gp/ gt;, which we extend to R by letting deg{T) — 0. Assume that there 
is a basis of R, compatible with parity and T'_^_-grading which freely generates V 
(according to Definition 1.19). Moreover we assume that V is pregraded by r+, 
i.e. (3.10) holds. Then the space 

ZHuhR = R/{T + H)R ~ 0, 

is naturally endowed with the following structure of a non-linear Lie algebra as 
follows. Let {ca \ a G X} be an ordered basis of g compatible with parity, 
and H-gradings of q. Then the non-linear Lie bracket, 

[ , ] : ZHuhR^ZHuhR — > T{ZhuHR) , 

is given by 

[a,b] = piiTzila * b]) , 

where a,b G R, a,b are the corresponding elements in ZhunR, t^z denotes the 
natural quotient map ttz ■ V ^ ZhuuV = V/ {V *_2 V) o,nd p is the embedding 
p : ZhunV ^ T^ZhunR), defined by p(eai • • 'eas) — '^a^ ®'ea,, for all 
a = (ai, . . . jOfg) such that if {a) — 0. Moreover the universal enveloping asso- 
ciative algebra of ZhuuR is naturally isomorphic to the H -twisted Zhu algebra 
ofV: 

ZHuhV ~ U{ZhuHR) . 

Corollary 3.26. Let R = C[T]g be a non-linear Lie conformal algebra, freely 
generated as a C[T]-module, and suppose that g is endowed with a T'j^-grading 
which induces a Hamiltonian operator H on the universal enveloping vertex 
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algebra V{R). Then the space ZHuhR = R/ {T + H)R ; 
with a structure of a non-linear Lie algebra, so that 

ZhuHV{R) ~ U{ZhuHR) . 



Q is naturally endowed 



The non-linear Lie bracket on ZhuuR is "compatible" with the *-bracket on R 
in the sense that the following diagram commutes: 



R^R 



ZKuhR ® ZHuhR 



V{R) 
ZhuHV{R) 



Definition 3.27. Under the assumptions of Theorem 3.25 or Corollary 3.26, 
we will call ZhunR the H-twisted Zhu non-linear Lie algebra associated to R. 

Remark 3.28. It can be useful for many applications to have an explicit way 
to compute the map nz '■ V ZHuhV. Suppose V ^ V{R) is the universal 
enveloping vertex algebra of a non-linear Lie conformal algebra R = <C[T]q, so 
that ZhunV ~ U{ZhuHR)- As before, for a S g, we denote by a the same 
element thought as an element of ZHurR — Q- Recall the defining relation of 
■nz, i-e. 

7rz(A*_iB) = -Kz{A)-Kz{B) . 
We have the following identity, for a G fl, B e F, 



(: (Te^^a)^ :) 



dhTTz{[H{T^''^a),B]n) (3.27) 



k 



ya7rz{B)-{Aa + k) ^ 



Aa-1 



1 



j J k + J + 1 



In the proof of the first identity we use (2.5), while the second equality fol- 
lows from the definition (2.4) of the /i-bracket. Equation (3.27) can be used 
inductively to compute the image via wz of an arbitrary element of V. 

Corollary 3.29. Let R = C[T]g be a non-linear Lie conformal algebra as in 
Corollary 3.26. Then ZhuHV{R) is an associative algebra generated by q with 
defining relations (a,b € q) 



ab — p{a,b)ba 



E 



TTz{a(^j)b) , 



where the RHS should be computed with the help of relations (3.27). 

Proposition 3.30. Suppose V is a vertex algebra which satisfies all assump- 
tions of Theorem 3.25, and let T be as in Example 2.12. Then, for every 
c e C, the map (2.41) is an isomorphism of Poisson algebras: ZHuh^q^hV ^ 
grZhuh=c,HV . 



69 



Proof. As in (2.39), wc denote by F'^^V the increasing filtration of V induced 
by the conformal weight. RecaU that, by definition, Jr=i = V *_2 V. It follows 
by Lemma 3.21 that 

F^nJft^i C l^[Ai]*_2l^[A2] C F^-V+F^Vn{V^_2)V) . (3.28) 

Ai+A2 + 1<A 

The statement then follows from the proof of Proposition 2.17(c) and the fact 
that, by (2.36), Zhun=c,HV ^ Zhun=i,HV for arbitrary c^O. □ 

Remark 3.31. Wc may consider, more generally, the (ff, r)-twisted Zhu algebra 
ZhurV defined in Section 2.2, for an arbitrary F-grading V = ®j^r/z^^ 

V (not necessarily induced by the action of H). Recall that we denoted by l^r 
the C-span of all elements a G V such that Aa G %■ It is a vertex subalgebra 
of V, and we clearly have, by definition, Jri(Vr) C Jh.r{V). Hence we have, in 
general, a surjectivc associative algebra homomorphism 

ZhuHVr = Vr/Jn=i{Vr) ^ Vr/Jn=i,T{y) = ZhurV. 

In particular ZhurV will not be, in general, a PBW generated algebra, even if 

V ~ V{R) for some non-linear Lie conformal algebra R. It does not make sense 
then to talk about the non-linear Lie algebra ZhurR- 

3.4 Application: the (non-commutative) Weil algebra and 
the cubic Dirac operator 

Let be a finite-dimensional simple or abelian Lie algebra with a non-degenerate 
symmetric invariant bilinear form (• | •). Here, for simplicity, we assume g is 
an honest, i.e. purely even, Lie algebra, and wc denote by g the space g with 
reversed parity, i.e. purely odd. Consider the following non-linear Lie conformal 
superalgebra 

R = C[T]^g + C[T]^Q , 
where the A-brackets are (a, b G g,a,b £g): 

[a A 6] = [a,b] + X{k + h''){a\b) , 

[axb] = (fc + /i^)(a|6) , (3.29) 
[axb] = [axb] = [a,b] . 



70 



Let {a'} be an orthonormal basis of g. Introduce the following fields of V{R) 
(see [KT]): 



(3.30) 



The fields G and L satisfy the A-brackets of the Neveu-Schwarz Lie conformal 
superalgebra with central charge 

k dim g dim g 

i.c;. L is an energy-momentum field with central charge c, G is an odd, primary 
with respect to L, field of conformal weight 3/2, and 

[GxG] = 2i+yc. (3.31) 

Moreover, the fields a € g (respectively a G g) are primary with respect to L of 
conformal weight 1 (resp. 1/2), and [a a G] = Aa, \a \ , G\ = a for a & g, a G Q. 

Let iJ = L(i) be the Hamiltonian operator on V{R), let W be the i7-twistcd 
Zhu algebra of V{R) and let nz '■ V{R) — > W be the quotient map. We put 
k + h'^ = 1 (which can be achieved by rescaling the form (•!•), provided that 
k ^ —h^). By Corollary 3.26, W is the universal enveloping superalgebra of the 
non-linear Lie superalgebra g -t- g with non-linear Lie brackets, extending that 
on g by (a, 6 e g, a,6 e g): 



[a,b] = [a,&] = [a, 6] , [a, 6] = (a|6) . (3.32) 
Let D = -KziG) and G = ttz{L). Then 

o 

^ = I Y aV + ^Yl^a\a^a'a^ + ^^^^ dim Q. 
Equation (3.31) implies, by looking at images via ttz. 
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while from the other A-bracket relations above we get [D,a] = 0, [D,a] = a, C 
is central. Furthermore, one has the following Lie algebra embedding a i-^ a of 
g in W, whose image commutes with g: 

a = a-^^[a, a*]a' . 

i 

Let C = J2i corresponding Casimir operator. Then 

d = 2C-^dimfl, D^ = ^C+^dhaQ = 

where p is half of the sum of positive roots of g. The latter relation was derived 
in [AM, Kol], wlioro the element D was called the cubic Dirac operator, by a 
direct computation. 

Let f) be a subalgebra of g, such that the restriction of (• | •) to f) is non- 
dcgcncratc, and let t) = f},, be the decomposition of 1) in a direct sum of 
simple and abelian components. For each f)s constructs the elements Gg and 
Lg as above, and let = X^gGg) = X^s^s- Then each pair Gg, Lg (resp. 
G'', L^) satisfies the relations of the Neveu-Schwarz algebra with central charge 
Cg (resp. = Cg), and we can form the coset Neveu-Schwarz algebra G — 
G^, L—L^ with central charge c— c^, which commutes with all fields a & i), a e i) 
(cf. [KT]). Applying ttz, we obtain the relative cubic Dirac operator D — D^, 
introduced in [Kol], and the relation, derived there 

Starting from the vertex algebra V^^^ = V{R), we can construct all "funda- 
mental objects" in diagram (6.16), as explained in Section 6. The "classical ana- 
logue" of V'^^^ , namely its quasiclassical limit V'^^^'^ , is the following Poisson 
vertex algebra. As commutative associative unital superalgebra, V'^^^^ = S{R), 
where R = C[T] ^ g + C[T] (g) g as above, and the A-bracket {• a •} on S{R) is 
defined by extending formulas (3.29) to S{R) by sesquilinearity and left and 
right commutative Wick formulas. Consider the elements C^' and L^' of the 
Poisson vertex algebra S{R), given by the same formulas (3.30) as G and L 
respectively, with the normally ordered product signs : : removed. Then L'^' is 
a Virasoro element with zero central charge, a, a, G'^' are primary with respect 
to L*^' with conformal weights 1,1/2 and 3/2 respectively and we have (cf (3.31): 

{G^'xa} = a, {G^'xa} = (T + A)a, {G^^G^'} = 2L^' . 

The "quantum mechanical" analogue V'^^ oiV{R) is given by the 7?-twisted 
Zhu algebra. As explained above, it is V'^^ = U{r), where r = g -|- g is the 
non-linear Lie superalgebra with Lie bracket given in (3.32). This algebra is 
also referred to as the non- commutative Weil algebra associated to g, [AM]. 
The "classical mechanical" analogue V^'"'^ of V{R) is the quasiclassical limit 
of ZHuhV, or, equivalently, the iJ-twisted Zhu algebra of y='^^, as defined 
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in Section 6. It is the commutative associative unital superalgebra S{r) = 
S{g) €5 A(g) together with the Poisson bracket defined by extending formulas 
(3.32) to S{r) via the Leibniz rule. This algebra is commonly known as the Weil 
algebra Wg associated to g, [AM]. It is not hard to check that, in this case, 
the "quantum" and "classical" Zhu algebras at ?i = 0, namely the bottom left 
and right corners in diagram (6.16), are both isomorphic to the Weil algebra 
Wg = V^^. Applying the canonical map 7r|' : V'^^'^ ZhuHV^^^ = V^'^ ~ 
S{r) (see Section 6) to G"^' and L'^', we obtain the "classical analogues" of 
the elements D and C in V'^^ . As explained in Section 6, Theorem 6.4, the 
associative product in V"^^^ is induced by the associative product in V'^''^'^ , 
while the Poisson bracket is induced by the bracket (6.3) with h= 1. Hence we 
get, for k + h"^ = 1, 

i hj 

With respect to the Poisson bracket, C"^' is central, {D''\a} = 0, {Z)'^',a} = a 
and {D''\D'=^} = 2C"='. Notice that adD^' coincides with the Weil differential 
of the Weil algebra Wg in its Koszul form. 

4 Almost linear differentials in non-linear Lie al- 
gebras and Lie conformal algebras 

Throughout this section we let F be a discrete additive subgroup of M containing 
Z, i.e. r = j^Z for some positive integer A'', and we let e = We also let 
(respectively F'^) be the set of non-negative (rcsp. positive) elements of F. 

By a differential d on a vector superspace U we mean an odd endomorphism 
of U such that cf = 0. Moreover, if U is endowed with one or more products (or 
non- linear products), like a Lie algebra or a Lie conformal algebra, we assume 
that d is an odd derivation of these products, and in the Lie conformal algebra 
case we also assume that d commutes with T. For example, in the non-linear Lie 
algebra case we require that, for a,b G U, d[a, b] = [da, b] + s{a)[a, db] G T{U). 

4.1 Review of homological algebra: good filtered com- 
plexes 

Let {U,d) be a filtered complex, namely U is & Z+-graded vector superspace 
U = ®„>ot^"7 with a compatible decreasing F-filtration {F'pJJ, p G F}, i.e. 
FPU = ^„>o FPU", where FPU" = FPU n U", and d is a differential of U of 
degree 1 pre'serving the filtration: d{FPU") C FpU"+'^. 

The cohomology II{U, d) of this complex is again a Z+-graded and F-filtered 
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space, with 

pPH'^iU, d) = Ker(d : FPU"" i?^P?7"+^)/(Imd n F^Z/") . 

Its associated graded gr H{U, d) is then the F-bigraded space with 

grPm{U,d) = FPHP+i{U,d)/FP+''HP+'i{U,d) 

pPUP+i n Kerrf 



[FP+'^l/P+i n Kerd) + [FpUp+i f) Imd) 

The associated graded complex (grJ7, d^"') is the F-bigraded space grU = 
®P,qGr&^'"^U, where gvP^U = FPUP+y FP+'-UP+'i , together with the induced 
differential Its cohomology H{grU,d^^) is then the F-bigraded space given 
by 

HPH^Ud^^^ = Ker(#-:gr^^t/^grP.^+it/) 
' ^ lm{ds^ : giP'i-'^U ^ giP'iU) 

ppjjp+q fi d-i(FP+^{7P+9+i) 
~ Fp+«?7p+9 -I- d(FP{7P+9-i) 

Definition 4.1. The complex {U^d) and the differential d are said to be good 

if HPt{gY U, d^') = for all p, g e F such that p + q^O. 

Lemma 4.2. Assume U is locally finite, namely for every n > we have 
ppjjn _ g p ^ 0. Then if {U, d) is a good complex we have 

grP'iH{U, d) ~ HPi{grU, d^'') , Vp, g G F . 

More precisely, we have the following identities (p ^T), 

FPU"- n Kerd = FPUT\Imd, forn^Q, (4.1) 

FPU"^ r\d~^{FP+''U^) = FP+'U° + FPU° n Kerd . (4.2) 

Proof. The statement of the lemma is standard in the theory of spectral se- 
quences. For completeness, we will provide an elementary proof of it. By 
assumption we have 

[/" n d-i(FP+^[/"+i) = FP+^C/" + d{FPU"--^) , Vn 7^ . 

Suppose first nj^O. In this case we have 

FPU^-nKevd = FPf/"nrf-^(FP+^[/"+i)nKerd 

= FP+'^f/"nKerrf-Fd(Ff?7"-^) (4.3) 

C FP+^ n Kerrf + FPU" D Imd . 
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The reverse inclusion is obvious. Hence we have 

FPU"" n Kerrf = F^+^f/" n Kerrf + F^U"- D Imd . 
We can now iterate the above result N times to get 

FPV^nKcid = FP+'^'U'' nKcid + FPU"- nluid . 

Equation (4.1) then follows by the locally finiteness assumption. We are left to 
prove (4.2). It follows by (4.3) with n — 1 that 

d{FPU°) n FP+'U^ = d{FPU°)r\FP+''U^ nKeid 

= diFP+^U^) + d{FPU°) n FP+'^^U^ . 

We can now repeat the same argument for the second term in the RHS to get, 
by induction, 

d{FPU°) n FP+^U^ = d{FP+^U^) + d{FPU°) n Ff+''^C/^ , Vr > 1 . 
By locally finiteness, this implies 

d{FPU°) n FP+'U^ = d{FP+'U°) , 
which is equivalent to (4.2). □ 

4.2 Lie algebras and Lie conformal algebras with a differ- 
ential 

We now review some basic facts about non-linear Lie algebras and non-linear 
Lie conformal algebras with a "linear" differential. In particular wc show that 
taking cohomolgy commutes with taking the universal enveloping algebra. In 
the next section we will see how to generalize these results to the case of an 
almost linear differential. First, we recall here the well know Kiinneth Lemma: 

Lemma 4.3 (Kiinneth Lemma). Let Vi, V2 be vector superspace with differ- 
entials di : Vi ^ Vi, i = 1,2, and define the differential donV = V\®V2 
by d{a (8) 6) = d{a) (^i b + s{a)a ® d{h). Then there is a canonical vector space 
isomorphism 

H{V,d) ~ H{Vi,di)®H{V2,d2) . 

As usual, we denote by T{V) and S{V) respectively the tensor algebra and 
the symmetric algebra of the vector superspace V . We have 

Lemma 4.4. Let V be a vector superspace with a differential d. Extend d to a 
derivation of T{V) and S{V). Then 

H{T{V), d) ~ T{H{V, d)) , H{S{V),d) ~ S{H{V, d)] . 
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Proof. The statement immediately follows by the Kiinneth Lemma and the fact 
that the action of the symmetric group Sn on V^^ commutes with the action 
of rf. □ 

We can think at V in the previous lemma as an abelian Lie algebra. The 
following result is then a generalization of Lemma 4.4 to the case in which the 
space V has a structure of a non-linear Lie algebra. 

Theorem 4.5. Let q be a non-linear Lie superalgehra, together with a differen- 
tial d : g ^ Q preserving the T'_^_-grading, i.e. (i(fl^) C g^ for C, G F^. Consider 
the space H{g,d) with induced T'_^_-grading. The non-linear Lie bracket of g 
induces a non-linear product 

H{g,d)^H{g,d) ^ T{H{g,d)) , 

and we assume that this defines a structure of a non-linear Lie superalgebra on 
H{g,d). Then there is a canonical associative algebra isomorphism 

HiU{g),d) ~ U{H{g,d)) . 

Proof. First, let us describe the non-linear product H{g,d) ig) H{g,d) ^ 
T{H{g,d)). By Lemma 4.4 we have an isomorphism H{T{g),d) ~ T{H{g,d)). 
Then [ , ] is defined by the following commutative diagram 

H{g,d)^Hig,d) T{H{g, d)) = H{T{g), d) 



Kev{d : g ^ fl)®^ ^ Ker(d : T{g) ^ T{g)) 

where the map on the bottom line is given by the non-linear Lie bracket on g. 
By assumption this makes H{g, d) into a non-linear Lie superalgebra, hence its 
universal enveloping algebra is well defined. 

We are left to show that U{H{g,d)) ^ H{U{g),d). We will use the same 
argument as in [KWl, Lemma 3.2]. The F'^-grading of g induces increasing r+- 
filtration {U,^{g), ( G F+} of U{g), and a F_|_-grading of the symmetric algebra 
'^{s) = ©76r+ 'S'(fl)[C]- By the grading condition of the non-linear Lie bracket, 
we have an exact sequence 

^ U^-M ^ Ucig) - 5(fl)[C] - , 

which induces an exact triangle in cohomology, 

H{Uc-e{Q),d) ^H{Ud9),d) 
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Wc claim that the connecting map S is identically zero. Let us recall its defini- 
tion. Given w € H{S{g) [(] , d) , let whe & representative of w in S{g) [A] , and let 
w be any representative of w in U(;{g). Clearly dw = 0, hence dw G U(^-f{g), and 
6w is the corresponding class in H{U(^-c{g): d). On the other hand, by Lemma 
4.4 we can choose w to be a symmetric polynomial in the closed elements of g, 
and we let w be the same polynomial, seen as an element of U^{g)- But with 
this choice of w wc immediately have dw = 0, hence i5w = as well. We thus 
have exact sequences 

^ iJ(C/f_,(fl),d) ^ H{UdQ),d) ^ H{S{Qm,d) - 0. 

On the other hand, by Lemma 4.4, we have H{S{g)[C],d) ~ S{H{g, d))[C]. It 
then follows by induction that ff ({/^(g), d) ~ t/^(i?(fl, d)), which completes the 
proof. □ 

Remark 4.6. Notice that, if g is a "linear" Lie algebra, then its cohomology 
H{g, d) is automatically a Lie algebra. In the non-linear case, though, it is not 
clear if H{g, d) is necessarily a non Lie algebra. 

The above argument can be repeated almost verbatim to prove the analogue 
statement in the context of Lie conformal algebras. In other words we have the 
following 

Theorem 4.7. Let R he a non-linear Lie conform,al algebra, together with a 
differential d : R ^ R, preserving the T'_^_-grading of R. Assume moreover that 
H{R, d), with the induced X-bracket, is again a non-linear Lie conformal algebra. 
Then there is a canonical vertex algebra isomorphism 

H{V{R),d) ~ V{H{R,d)) . 

4.3 Non-linear Lie algebras with a good almost linear dif- 
ferential 

Let be a finite-dimensional vector superspace graded as follows, 

= g^^A] . (4.4) 
Aer; 

The induced grading of the tensor algebra is T(g) = 0pqgrAer' ^''^(fl)!^]- 
We further assume g has a structure of non-linear Lie algebra (see Definition 
3.1) with respect to the F^-grading by subspaces g[A] = 0p^gg^*[A], A G F^. 
In particular the non-linear Lie bracket satisfies the grading condition 

[fl[Ai],g[A2]] c r(0)[A] , (4.5) 

A<Ai-|-A2 

or, equivalently, A{[a,b]) < A(a) -I- A(6). Moreover we assume that the cor- 
responding Z+-grading of g, given by g" = 0p+g=„,A0^'[A], n e Z+, is a 
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non- linear Lie algebra grading, and the decreasing F- filtration of g, given by 
P^Q = 0p'>p g A fl^ ^[^]' P € r, is a non-linear Lie algebra filtration. The 
above assumptions can be combined by the following condition, 

[gPi9i[Ai],0f=^9^[A2]] C rfi+f=+''9^+9^-'(fl)[A] . (4.6) 

l>0 
A<Ai+A2 

The associated graded grg of the filtration {F^g, p € F} is the space Q with 
non-linear Lie bracket [a, b]^'^, for a € fl^^^S b € fl^^^^, equal to the component 
of [a,h] in T'^i+p^^'^i+'J^ (g). It is easy to check that, by definition, grfl is again 
a non-linear Lie algebra, bigraded by p, q. 

Let U{q) be the universal enveloping associative algebra of the non-linear 
Lie algebra g. It has the Z+-grading U{q) = 0„>o U{g)"-, where 

C/(fl)" = spancjai • • -as ai G g"\ ni -\ |-ns=n|, 

the decreasing F-filtration by subspaces 

FpU{q) = span^jai ■■■as ai G F^'g, pi -\ \-Ps>pj , 

and the increasing F_|_-filtration by subspaces 

UA{g) = spancjai ■• -as ctj e gfAj], Ai -| h < A} . 

We let FPUigY' = FPU{g) n U{g)"- and FWAig)" = F'^Uig) n U{g)" n UaIq)- 
By construction, grading and filtrations of U{g) are compatible. Notice that 
each filtered space UA{g) is finite-dimensional, hence locally finite, i.e. for each 
A e r+ and n > we have -F^J7a(0)" = ior p ^ 0. Moreover, by the grading 
condition (4.5), we have that 

[UaAq), UaM] C UAig) , for some A < Ai + Aj . (4.7) 

The associated graded algebra gr U (g) is a F-bigraded associative algebra, with 
a compatible r+-filtration. Namely the A-filtered subspace of bidegree p,q gT 
is 

gr^'«f/A(0) = FPUA{gr+yFP+'UA{gr+' ■ 

Lemma 4.8. We have a canonical isomorphism grU{g) ~ U{grg) which pre- 
serves T-bigrading and r+-filtration, i.e. 

gT^^UAig) ^ UAigrgy^ . 

In particular the natural embedding g = grg C grU {g) is such that gngT*"'UA (fl) = 

eA'<AS^'[A']- 
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Proof. Notice that gJ"? C FPU{g)P+'i and gPi n FP+'U{Q)P+'i = 0. Wc thus 
have a natural embedding C grP« t/(0) = FPt/(0)P+V-F^+'t/(0)^+^ which 
induces an injective map grg C grU{g). By universal property we then have an 
associative algebra homomorphism f/(grg) grt/(g). This is a bijcction since, 
by the PBW Theorem, it maps a basis of t/(grg) to a basis of gri7(g). The 
remaining part of the statement follows immediately. □ 

Definition 4.9. Let d : U{g) ^ U{q) be a differential of Z+-degrec 1, preserv- 
ing both the r and the r+ filtrations: 

d{U{gr) C C/(0)"+^ , d{FPUiQ)) C FPUiQ) , d(C/A(0)) C [/a(0) • (4.8) 

Let d^'' : grJ7(g) -—>■ gr[/(g) be the corresponcling associated graded differential. 
We say that d is an almost linear differential of g if preserves gr fl = g, it 
has bidegree (0, 1), and it preserves the F^-grading of q, namely 

rfgr(gP<?[A]) cflf'9+i[A] . (4.9) 

In this case d^^'lg is a differential of the non-linear Lie algebra grg, and the 

action of d^'' on grC/(g) ~ C/(grg) is obtained starting with d^'^lg and applying 
the Leibniz rule. Moreover we say that d is a good almost linear differential of 
flif 

KeT{d^'\gP,) = Im{d^'\gp.,-i) , tovp + qy^O, (4.10) 
namely the cohomology HP'i{q, d^'^) is concentrated in degree p + q = 0. 

Prom now on we let d be a good almost linear differential of q. 

Rem,ark 4.10. An equivalent way of writing condition (4.9) in terms of the 
differential d is 

d(gP«[A]) c fl3''«+i[A]©FP+^C/A(fl)^'+«+i , 

and d^'^lg corresponds to taking only the first component in this decomposition. 
Moreover, an equivalent way of writing condition (4.10) is 

0P«[A]nd-i(FP+^C/A(0)f+«+i) C dflf'«-i[A]+FP+^i7A(fl)^+« , ifp + 9 7^0. 

By assumption (4.9), grg is a bigraded filtered non-linear Lie algebra with 
differential Hence its cohomology H{q, d^^) is a space with induced bigrad- 
ing and filtration, 

^(fl,'^*'"') = i?^«(fl,d«'')[A] , where 
iff«(0,#--)[A] = (flf9[A]nKer#'-)/#'-(flf>«-i[A]) . 
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The assumption that d^'^ is good is equivalent to say that rf^'')[A] = if 

p + q 0. Hence the above decomposition reduces to 

H{Q,d^') = fff'-f(fl,#'-)[A] , where 

per, Aer^ 

HP'-P{g,dS')[A] = flf'-P[A]n Kerbs'- = gP'-P[A]nd-^{FP+''UA{9)^) ■ 

In particular we have a natural embedding H{g,d^'^) C grg. It follows that 
H{Q,d^'^) has the induced structure of a non-linear Lie algebra. Therefore the 
complex (grg, satisfies all assumptions of Theorem 4.5 and we have a canon- 
ical isomorphism 

F(grC/(fl),#') ^C/(if(gr0,#^)) . (4.11) 

We now fix A G r+ and we consider the complex {UA{Q),d). We want to 
show that it satisfies all the assumptions of Lemma 4.2. By the above observa- 
tions, we only need to check that {UA{3),d) is good in the sense of Definition 
4.1, namely ifP'(gr UA{s),d^'^) = for p + q ^ 0. For this we need the following 

Lemma 4.11. The differential d^^ is such that 

d3-{grP''UiQ))ngrP^''+'UA{Q) = dn5^'t^A(0)) • 

Therefore there is a natural embedding 

HP^{grUA{Q),d^l C HP''{grU{Q),d^'^) . 

Proof. By assumption on d we have (i(i^^C/A(0)") C FpUa{q)^~^^ ■ It immedi- 
ately follows that d^'' (giP'^UAis)) C gr^'^+^C/A(0). Hence we only have to show 
dgr(grP9C/(g)) ngrP.9+iC/A(0) C dS'{grP^UA{g))- 

Let A £ t/(gr0)P'? ~ grPW(0) be such that d<^'{A) e J7A(grfl)P'«+^ We 
need to show that there is A' e C/A(gr0)P« such that #''(^) = d^'iA'). If 
A G UA{gr q)p'' , there is nothing to prove. Suppose then Ai > A is such that 
A G (7Ai(gr0r and A i V a,-,\%^ ^Y'' ■ 

By the grading condition (4.5), the non- linear Lie algebra grg is filtered 
by r+, and the associated graded Lie algebra, that we denote grA0, is the 
space with trivial Lie bracket. Hence grA?/(gr0) ~ C^(gi'A0) = '^'(fl)- We 
will denote X ^ X the natural quotient map Ua{s^^^'^ 'S'(0)[A]^'' ~ 
C^A(gr0)^VC^A-e(gr0)P''. By (4.9) is a differential of bidegree (0, 1) of the 
space preserving the F^-grading. Hence extends, by the Leibniz rule, to 
a differential of V (grAfl) = 'S'(0) preserving the F_|_-grading. It then follows by 
Lemma 4.4 that H(S{i),d^'') = S'(iJ(fl, rfs^)) or, cquivalently, 

Ker(#'- : S'(0)[A]p'J ^ S'(0)[A]P'9+i) ^ \^{^^^ : S'(fl)[A]P'«-i ^ S'(0)[A]p9) 

+ 5(Ker(dS'-: 0^fl))n5(fl)[Af9 , VA e r+ . (4.12) 

Byassumption A G UaA'S^^Y". A ^ t/Ai-.(gr0)f« and#'-(A) G Ua^-Mq). 
This is equivalent to say that ^ A G S'(0)[Ai]p« and d^\A) = 0. In other 



80 



words A e Kcr(rfs^ ; S{q)[Ai]p'i 5(0)[Ai]P'«+i). By (4.12) wc can then find 
B e S'(0)[Ai]P'«-i and C e S'(Ker((is^ : ^ fl)) n 5(0)[Ai]p9 such that 

A = (F'{B) + C . 

Let then B e J7Ai(grfl)^'''~^ be any preimage of B, and C G ?7Ai(gr0)^'^ be 
a preimage of C polynomial in the elements of Ker(rfs'' : g ^ g), so that 
rfs^(C) = 0. We have 

= A-d^\B)-C e [/Ai-e(grflr'« , rfs-'CAi) = rfS'-(A). 

We can then repeat the same argument to conchidc, by induction, that there 
is an element A' e U^ig^QY''^ such that dF{A') = dF{A), thus completing 
the proof. The second part of the lemma follows immediately from the first 
part. □ 

For every p G F, A G F^ we fix a basis ^a = {ci, i G 2pA} of the space 
i?P'-P(gr0,dsr)[A] = 0P'-P[A] nKerdS''. 

We also let A = {ci, z G X} = LJ^^ ApA, which is a basis of ir(gr 0, d^"^), and 
we fix a total ordering of the index set I. We assume such basis is compatible 
with the parity, and we denote p{i) = p{ei) G Z/2Z. As in Section 3.1 we denote 



SpA = < ej, . . . Ci. 



h G IpfcAfc, ii < • • • <_is 
ik < ik+i if p(ife) = 1 



moreover we let Sp = [J^ SpA, Sa = Up ^pA and S = Up,A ^pA- 

Lemma 4.12. (a) The complex (?7a(0),c?) is good in the sense of Definition 
4.1. 

(h) For p G F, SpA is a vector space basis of H''''~P{grUA{3),d^^). 

Proof. Since, by (4.11), the non-linear Lie algebra _ff (gr0, #■■) is concentrated 
on bidegrees p, q with p + q = 0, so must be its universal enveloping algebra, 

U{H{gvQ,d^')) = 0C/(ir(gr0,#'))J''-f . 
per 

By (4.11) we have a natural isomorphism H{U{gTQ),d^^) ~ U{H{gr Q,d^)). 
Hence, by looking separately at each bidegree p, g G F, we get 

Ff«(t/(gr0),dS'-) = 0, ifp + g^O, 
HP'-PiUigTQ),d^') ~ UiH{gT2,d^'))P'-P . (4.13) 

Thanks to Lemma 4.11, there is a natural embedding HP'^{gi:UA{9),d^'^) C 
HP'^{gYU{Q),d^'^), so that part (a) follows immediately from the first equation 
above. By comparing the F+-filtration in both sides of (4.13) we get 

HP'-P{gTUA{0),d^) = f/A(grfl)f'-f nKerdS-- = UA{H{gvg,d^))P'-P . 

The second part of the lemma follows by the above identity and the PBW 
Theorem for (filtered) non-linear Lie algebras. □ 
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So far we showed that the complex {UA{Q),d) satisfies the assumptions of 
Lemma 4.2. We thus have, from (4.1) and (4.2), 

F^UAigT n Kerd = FPUa{0T n Imrf , forn 7^ , (4.14) 
FPUA{Qfnd-\FP+VA{Qy) = FP+VA{Qf+FPUAiQ)°nKevd .(4.15) 

By assumption e, e 0P'~*'[A] n Kcrds^ C FP[/a(0)° n d-\FP+^UA{&y), for 
i S IpA- Thanks to (4.15) we can then find elements Cj € Fp+*J7a(0)° and 
Ei g i^^C/A(0)° n Kcrrf such that Ei = Ci + e^. Wc will assume Ei (hence e^) 
has the same parity as e^. Recall that iJ°(C/(0), rf) = U{q)'^ D Kerd, so that 
EieH°{Ui3),d), ViGl. 

We then let BpA = {Ei, i € IpA} for every p e F, A € r'_^, and B = {Ei, i e 
1} = Llp^ SpA- Moreover we define HP'~p{q, d)[A] and H{g,d) as the subspace 
of H^{U{g),d) with basis BpA and B respectively: 

H{g,d) = ^HP'-''{g,d)[A] , W'-"iQ,d)[A] = span^ BpA ■ (4.16) 

p,A 

Finally we introduce, as above, the collection of ordered monomials in the ele- 
ments Ei, 

ik € 2pj^Afc, ii< ■ ■ ■ <Js ^ 

ik < ik+i if p(h) = 1 > , 
T,kPk=P' T,k^k<A J 

and we let Sp = IJa '^pA, Sa = Up '^pA and S = [j^^^ SpA- 

Lemma 4.13. (a) The cohomology of the complex (U{g),d) is concentrated 
in degree 0: H"-{U{q), d) = 0, for n ^ 0. 

(b) The (f^ cohomology H'^(U{g),d) is PBW generated by H{g,d). In partic- 
ular S is a basis of H^{U{g),d) compatible with the F and F+ filtrations 

ofH\U{g),d). 

Proof. Let A G U{gY n Kerd, n 7^ 0. For some p € F and A € F+ we have 
A e FP[/a(0)", hence, by (4.14), it follows that A G i?^P?7A(0)" n Imd, namely 
^ = in H"'{U{g), d) = 0. This proves the first part of the lemma. 

For the second part, we first show that the ordered monomials Ei^ . . . Ei^ G 
SpA span the space FP?7A(0)°nKerd. For A G FPUA{g)°r]KeTd we let [A] be the 
corresponding element in grP'~PUA{g) = FPU A{g)^ / PP^'^U AigY' ■ Notice that 
d^'[A\ = [dA] = 0, so that [A] G grP'-Pt/A(0) n Ker#^ = ffP'-P(gr t/A(0), #')• 
It then follows by the second part of Lemma 4.12 that 

A = A' + ^ crci^ ...Ci^ , 

T 

where A' G PP^'^UAig)^ and the sum in the right hand side is a linear combi- 
nation of ordered monomials Ci^ . . . Ci^ G EpA- Recall that, by assumption, for 
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i elpA, we have Ei = a + Ci € FpUa{0)° n Kerrf with a € PP+^UAisf. We 
thus have 

Ai = A-J2cTEn...Ei^ G FP+'UAidf DKerd . 

T 

After repeating the same argument N times we get, by induction, a sequence 
of elements 

An = A-Y^CTEi,...Ei^ G FP+^'Ua{q)° nKeid , 

T 

where now the indices ik G Ipk,Ak are such that p <p\-\ \-Ps < p+Ne, Ai + 

h Ag < A. Hence A^ = by locally finiteness. 

We are left to show that the ordered monomials Ei^ . . . Ei^ e 5 are linearly 
independent. For this, suppose we have a linear combination which is zero, 

A = J2cTEi,...Ei^ = 0, (4.17) 

T 

where the sum is over "ordered" indices i = (h, . . . , is), ik G Ip^Ak- We can 
assume the coefficients cr are not all zero, and we let 

p = min \pi-\ \-ps \ . 

We then get by (4.17) 

A = ^ CTCii ...Ci^+R = , 
r I piH — \-ps=p 

with R e FP+''U{g)°. We can now look at the image [A] of A in gj:P-PU{g)° = 
FPU{Q)^/FP+'U{Qf. We have 

[A] = ^ c^i, . . . ei, = . (4.18) 

1 I PlH hPs=p 

By the second part of Lemma 4.12, the ordered monomials . . . e^^ are linearly 

independent in gvP'~PU{Q). Hence (4.18) implies cr = for all T such that 

Pi + \-Ps = P, which is a contradiction. □ 

By Lemma 4.13 the associative algebra H = H'^{UQ),d) is PBW gener- 
ated by the space f) = H{Q,d). By definition (4.16), () is r'_j_-graded with 
\)[A] = spaiic^A. Moreover, by the secon part of Lemma 4.13, the natural 
r+-filtration Ua{q)'^ n Kcrd C H coincides with the r+-filtration Ha induced 
by the generating space () as in (3.1). By the grading condition (4.7), we have 
[[)[Ai], r)[A2]] C Ha, for some A < Ai + A2, namely H is "pregraded" by r+, 
in the sense of Definition 3.4. In conclusion, all the assumptions of Theorem 3.6 
hold, so that we have 

Theorem 4.14. The space H{q, d) admits a structure of non-linear Lie su- 
peralgebra such that its universal enveloping associative algebra is canonically 
isomorphic to H{U{g),d): 

H{U{s),d) c:^ U{H{Q,d)) . 
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4.4 Non-linear Lie conformal algebras with a good almost 
linear differential 

In this section we want to derive the same results as in the previous section in 
the context of Lie conformal superalgberas. 

Let i? be a non-linear Lie conformal superalgebra, freely generated as a C[T]- 
modulc by a finite-dimensional subspace g: R = C[T] ®0. We shall assume that 
is graded as in (4.4). This grading induces a vector space grading of R, by 
assuming T to have F-bidegree (0,0) and r+-degree 1: 

R = RP'}[A] , RPi[A] = 0r"gf«[A-n], (4.19) 

P,q&r, p+qG'Z+ n>0 

Aer^ 

and of the tensor algebra T{R). We will assume that R, as a (non- linear) Lie 
conformal algebra, is Z+-graded by C[r]submodules -R" = p^q,A R^'^[A], n e 

p+q=n 

Z+, it is r-filtered by PPR = 0p/>p,,,A -R^ '^i^]. P € L, and moreover we 
assume that the F^-grading by subspaces -R[A] = 0p^g-R^'[A], A G F^, is a 
conformal weight of R. All these conditions mean the following relation 

iiPi'9i[Ai](„)iiP='«=[A2] C 0TPi+f^+''9i+«=-'(ii)[Ai + A2-n-l] , n G Z+ . 

;>o 

(4.20) 

The associated graded non-linear Lie conformal algebra gri? is defined as the 
C[T]-module R with A-bracket [a x b]^'', for a e iJ^i'^S b e Rp^''^^ equal to the 
component of [a x b] in [A]. It is not hard to check that gri? is a 

F-bigraded non-linear Lie conformal algebra, with a conformal weight A. 

Let V{R) be the universal enveloping vertex algebra of R. Recall that on the 
vertex algebra V{R) ~ T{R)/M{R) the A-bracket [a x b] of elements a,b G R 
is induced by the non-linear A-bracket in R, and the normally ordered prod- 
uct : aB : with a G R, B G V{R) is induced by the associative product 
in T{R). These two conditions, together with the axioms of vertex algebra, 
uniquely define a vertex algebra structure on V{R). Since all axioms of ver- 
tex algebra are "homogeneus" with respect to the gradings and the filtration 
of R, it is not hard to check that the vertex algebra V{R) has induced Z+- 
grading V{R) = 0„>oV'(i?)", F-filtration PPViR) C F(i?), and r+-grading 
V{R) = 0A£r+ ^(-^[^]' ^^'^ ^■ll additive with respect to the normally 
ordered product. Explicitly: 



V{R)"' = spaucj -.ai^--- : 
FPV{R) = spaucj : Oil • • • a^^ : 
V{R)[A] = spauc] : ■ • - aj^ : 



ai, G RP'-'^n^k], J2^Pk + Qk) = n} , 

k 

a,, Gi?'"='"=[Afc], ^Pk>p} , 

k 

ai, G RP'-^-'iAk], ^Afe = A} . 
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The vertex algebra structure is compatible with the above gradings and filtra- 
tions, in the sense that, for each n G Z, we have: 

FfiF(i?)"4Ai](„)Ff=^l/(i?)"^[A2] C i^fi+f^V(i?)"i+"=^[Ai + A2 -n- 1] . 

(4.21) 

Notice that, since A(T) = 1, each space F(i?)"[A] is finite dimensional, hence 
the corresponding filtration FPV{R)'^[A] is locally finite. We have the associated 
graded vertex algebra, defined by 

grV{R)= grP9y(E)[A] , grP«y(i?)[A] = FPV{R)"[A]/FP+'V{R)''[A] , 

with induced vertex algebra structure, which is a F-bigraded vertex algebra and 
it has a r+-valued conformal weight. 

The analogue of Lemma 4.8 holds also in this context, namely we have 

Lemma 4.15. There is a canonieal isomorphism grV{R) ~ V{grR) which 

preserves all gradings, namely such that 

gj^'^ViR)[A] - VP'^igrR)[A] . 

In particular the natural embedding R = grR C grV{R) is such that R n 

grPW{R)[A] = Rpi[A]. 

Definition 4.16. Let d : V{R) V{R) be a differential of the vertex algebra 
V{R). We assume that d has Z+-degree +1, that it preserves the F-filtration 
and the conformal weight A. In other words 

d(Ffy(ii)"[A]) c Ffy(i?)"+^[A] . (4.22) 

As before, we denote by d^'^ : gr F(i?) gr y(i?) the induced differential of the 

associated graded vertex algebra. It clearly has bidegrec (0, 1), it preserves the 
conformal weight A, and it is an odd derivation of all n*'' products of gr V^(i?). 
We say that d is an almost linear differential of the non-linear Lie conformal 
algebra R if d^'' preserves Q C grV{R), namely #''(£iJ'«[A]) C qP'^+'^[A]; or 
equivalenlty, in terms of d, 

d(flf«[A]) c 0f'«+MA] © FP+'V{R)P+i+^[A] . (4.23) 

In particular |fl is a differential of the non- linear Lie conformal algebra gr i? = 
C[T]fl, and is the induced differential of the universal enveloping vertex 
algebra V{gv R) ~ gTV{R). 

The corresponding cohomology is fl"(gr i?, d^') = C[T]H{g, #"■), with H{g, ^f) 

= ep,,AH'"(0'd'')i^^ = ®P,,,A^^<dS'\,..[A])/Md''\,..-^A])- We say 
that is a good almost linear differential of R if the cohomology H{R, #"") (or 
equivalcntly H{g, d^")) is concentrated at Z_|_-degree zero, namely RP'^^q, d^) = 
if p + (7 ^ 0, or equivalcntly, in terms of d, 

QP'>[A]nd-^{FP+''V{R)P+i+'^[A]) c d(flf'«-i[A])+i^f+'y(i?)P+«[A] . (4.24) 
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It follows that -ff(gri?, has the decomposition 

H{grR,d^') = ^HP'-P{giR,d^')[A] , where (4.25) 

HP'-P{grR,d^')[A] = RP'-P[A]nKevd^\ 

in particular it is embedded in giR, hence it has the induced structure of a 
non- linear Lie conformal algebra. We can thus apply Theorem 4.7 to conclude 

H{giV{R),d^') ~ V{H{gTR,d^')) . (4.26) 

Prom now on we let d be a good almost linear differential of R. 

As we did before, for every p S F, A e T'^, we fix a basis ApA — {^i, i S 
2pA} of gP^-P[A] n Kerrfs^ and wc let A = {e^, i e 1} = UpA^A- We 
extend these bases to ApA = {ei, i G ipA}, a basis of -ff^'~^(gr i?, #'')[A] = 
RP-P[A\ n Kerd^', and A = {e-,, i e J} = UpA-^pA, a basis of H{grR,d^'). 
For example we can take XpA = U/s>o(-^p.^-'=' ^) ^^'^ ~ T^'^^et for i = (i, k) G 
{Ip^A-k, k) C ip,A- We then assume I is totally ordered and we denote 



EpA — \ '■ Gil ■ ■ ■ Gis '■ 



Ifc S Ip^Ak, ii < • • • <_ls 
ife < ifc+i if p(ifc) = 1 



We also let t,p = [_\^ SpA, Sa = Up ^pA and E = ^^^^ EpA- 

Lemma 4.17. (a) Forp,q € T such thatp + q ^ we have HP'^{grV{R),d^^) 
= 0. Hence, for every A G T+, the complex {V{R)[A],d) is good. 

(h) For per, Ae r+, the set EpA is a basis of HP'-P{grV{R),d3'-)[A]. 

Proof By Theorem 4.7 and Lemma 4.15 we have an isomorphism H{gi V{R), d^"^) 
~ V{H{gTR, d^'^)). Moreover by assumption (4.25), H{gTR, d^'') is concentrated 
in zero Z_|--degree, so must be its enveloping vertex algebra V(_ff(gri?, #'')). 
We thus have ffJ'«(grl/(i?),#'') = if p + g ^ 0, and i?P'-P(gr l/(i?), #"■) c:i 
VP'~P{H{gj: R, d^'^)). Part (a) of the lemma follows immediately by the fact that 
d^'' preserves the conformal weight A. Part (b) follows by (4.26) and the PBW 
Theorem. □ 

By the first part of Lemma 4.17, the complex {V{R)[A\,d) (which is finite 
dimensional, hence locally finite) satisfies all the assumptions of Lemma 4.2. 
We thus have by (4.1) and (4.2) 

y (i?)" [A] n Kerd = FpV{R)" [A] nlmd , for n ^ , (4.27) 

FPV{Rf[A] n d-\FP+''V{Ry[A]) = Ff+'y(i?)0[A] (4.28) 
+FPV{Rf[A]nKeid . 
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Thanks to (4.28), for each i S JpA wc can write ei = Ei — ei E Q^' p[A] nKerdsr^ 
withci G FP+W{R)°[A] and Ei G FPV{Rf[A]nKeTd. Moreover, for I = (i, fc) G 
TpA, we let El = T^^^Ei and ei = T^'^hi, so that again ei = £t - ei- We then let 

HP^-P{g,d)[A] = spanciEi, i G J^a} C ff(0,d) = iJ^'-f (g, d)[A] , 

p,A 

HP'-P{R, d)[A] = spa.nc{E-„ i G 2pA} C rf) = HP'-p{R, d)[A] . 

Finally we define the collection of ordered monomials in the elements 

ifc e^pfcAfc, ll < ••• <Js 1 

ife < ife+i if p(ifc) ==1 > , 
J2kPk=P, J2k^k = A J 

and we let Sp = \_\^ SpA, Sa = Up '^pA and 5 = [J^ ^ -SpA- The analogue of 
Lemma 4.13 holds also in the vertex algebra set up, with the same proof (using 
Lemma 4.17 instead of Lemma 4.12). We thus have the following 

Lemma 4.18. (a) The cohomology of the complex {V{R),d) is concentrated 
in degree 0: iJ"(y(i?), d) = 0, for n^O. 

(b) H°{V{R),d) is freely generated by H{R,d) =C[T]H{Q,d). In particular S 
is a basis of H°{V{R), d) compatible with the T-filtration and the conformal 

weight. 

Theorem 4.19. (a) The space H{R,d) = C[T]H{2,d) admits a structure of 
non-linear Lie conformal algebra whose enveloping vertex algebra is canon- 
ically isomorphic to H{V{R),d): 




H{V{R),d) ~ V{H{R,d)) . 



(b) The decomposition H{Q,d) = ®p a ^(fl)"^)!^]) given by the subspaces 
HP'~p{q, d)[A] = spanc{Ei, i G TpA}, induces a vertex algebra T-filtration 
and a T^-valued conformal weight A on H{V{R),d), given by the sub- 
spaces FPH{V{R),d)[A] = FPV{R)°[A] n Kerd. In other words we have 

FP- H{V{R) , d) [Ai] („) FP^H{V{R) , d) [A^] 
C FP^+P^H{V{R),d)[Ai+A2-n-l]. 

Proof. By Lemma 4.18, the vertex algebra H{V{R),d) is freely generated by the 
free C[r]-module H{R,d) = C[T]H{g,d). Moreover, the T^^-grading of H{g,d) 
induces a conformal weight A on H{V{R),d). Hence, by the observations in 
Example 3.12, H{V{R). d.) in pregraded in the sense of Definition 3.11. Part (a) 
is now an immediate corollary of Theorem 3.14. Part (b) is obvious. □ 
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4.5 Zhu algebra and cohomology 

We make here the same assumptions we made in the previous section. More 
precisely, we let g be a finite dimensional vector superspace graded as in (4.4), we 
assume the free C[T]-module R = C[T] (g)g, graded according to (4.19), is a non- 
linear Lie conformal algebra, and its A-brackct satisfies the grading conditions 
(4.20). Therefore the universal enveloping vertex algebra V{R) has induced 
Z_|_-grading V{R)"-, F-filtration FpV{R), and r+-valued conformal weight A, 
defined by a Hamiltonian operator satisfying the grading conditions (4.21). 
We also fix d : V{R) — > V{R), a good almost linear differential of R, so that 
equations (4.22), (4.23) and (4.24) hold. 

Theorem 4.20. There is a canonical associative algebra isomorphism 

(j) : ZhuHH{V{R),d) H{ZhuHV{R), d^) , 

where d^ is a differential of ZhuHV{R) induced by d : V{R) V{R). 

The remaining part of this section will be devoted to the proof of Theorem 
4.20. First, let us fix some notation. We denote by tth the natural quotient 
map 

TTH : Kerd ^ Kerd/Imd = H{V{R),d) , 
and, as before, by ttz the natural quotient map 

nz : V{R) -* V{R)/Jn=i{V{R)) = ZhuHV{R) . 

The vertex algebra H{V{R),d) has the induced Hamiltonian operator H, so 
that it makes sense to consider its Zhu algebra. We then let be the natural 
quotient map 

Trf : H{V{R),d) ^ H{V{R),d)/Jn=i{H{V{R),d)) = ZhuHH{V{R),d) . 

By assumption the differential d is an odd derivation of all n**^ products of 
V{R), and it preserves the conformal weight A. Hence it is a derivation of all 
products ai^n,h)b- In particular d preserves the subspace Jh=i{y{R)) C V{R), 
and there is an induced differential d^ of the quotient space ZhuHV{R) = 
V{R)/Jn=iiV{R)), given by d^{-nz{A)) = nz{dA). We can then consider the 
cohomology H{ZhuHV{R),d^), and we let tt^ be the natural quotient map 

Trf : Kerd^ Kerd^/Imd^ = H{ZhuHV{R),d^) . 

An equivalent way to state Theorem 4.20 is to say that the map 

(j): ZhuHH{V{R),d) ^ H{ZhuHV{R),d^) , (4.29) 

given by (/)(7r^7r//(yl)) — ir^nziA), is a well defined associative algebra isomor- 
phism. 
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As in the previous section, for each p G F, A G r'|_, we fix a basis {ci, TpA} 
of 3P-P[A] n d-^{FP+W{Ry[A]), and elements {Ei, i G IpA} such that Ei G 
FPy(ii)0[A] n Kerd and Ei - et G Fp+'^V{R)'^[A]. We then let 

H{9,d) = ^HP'~P{g,d)[A] , HP'-P{g,d)[A] = spa^ndn H{Ei), i G J^a} , 

p,A 

H{R,d) = C[T]H{g,d) C H{V{R),d) . 

By Theorem 4.19, H{R, d) admits a structure of non-linear Lie conformal alge- 
bra such that H{V{R), d) V(H(R, d.)). In particular H{V{R), d) is PBW gen- 
erated by the set {^nH{T^ Ei) | > 0, i G X = UpA-^p^}- Moreover the natural 
r[,_-grading of H{q, d) induces a conformal weight A of the universal envelop- 
ing vertex algebra H{V{R),d). Hence the vertex algebra H{V{R),d) satisfies 
all assumptions of Theorem 3.25. Wc thus get that th(^ space ZhuHH{R,d) = 
-K^Hi^Q^d) ~ H{Q,d) is naturally endowed with a structure of non-hnear Lie 
superalgebra and ZhuHH{V{R),d) ~ C/(7rf iJ(f|, d)). Hence ZhuHH{V{R),d) 
is PBW generated as associative algebra by the space {H{Q,d)). We thus 
proved the following 

Lemma 4.21. The associative superalgebra ZhuHH{V{R),d) is PBW gener- 
ated by the set {n^TTHiEi) \ i Gl}. 

Consider now the associative algebra ZhuHV{R). By Theorem 3.25 it is 
isomorphic to U {ZhunR), where ZhuuR = i^zR — fl is a Lie superalgebra with 
Lie bracket ['!^z{o)-iT^z{b)\ = t^z{[(i, &]fi=i), for a,b G R. By our assumptions the 
space TTzQ — 3 has a decomposition 

TTzg = TTzflf^fA] , 7rzflP«[A]~0f<'[A] . 

p,ger, p+q&+ 

Lemma 4.22. (a) We have the following inclusion 

7rzEf«[A] c 7rzfl^«[A] . 

A'<A 

(b) The non-linear Lie bracket on nzQ satisfies the grading condition (4-6), 

namely 

[7rz0^^«4Ai],7rzflf^«^[A2]] C TP'+P'+'''^'+^'-\wz3)[^] ■ 

l>0 
A<Ai-|-A2 

Proof. Since T increases the conformal weight A by 1, RP<i[A] = 0^>o T''qP'>[A]. 
On the other hand we have irz{T''a) = (~^'')7rz(a). The first part of the lemma 
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follows immediately. For part (b) we have, by the definition of the product 
[ , ]ft=i and the assumption (4.20), 

[7rz0f^«4Ai],7rzflf=«nA2]] = 7rz([0fi3^[Ai],flf^«=[A2]]ft=i) 

C 7rz( Tfi+f^+''«i+«^-'(i?)[A]) 

;>0,A<Ai+A2 

C rfi+f=+''9^+*-'(7rz0)[A] . 

Z>0,A<Ai+A2 



□ 



Lemma 4.23. Let 

F^t/A(7rz0)" = spanc {i^ziai)- ■ •7rz(as) 



Ejfe +qi) =n 



Then we have the inclusion 

TTziF^ViRnA]) C FPUAinzsT ■ 

Proof. It follows by Lemma 3.18 that every element in FfV{R)'^[A] is a linear 
combination of monomials A = (T'^iai)(_i ft^^i) ■ • (-1/1=1) (T'=»Os), with 
gP-«'[A,] and ^^(p, + q,) = n, J2^p, > p,' + A,) = A. On the other 

hand Trz{A) is, up to a constant coefficient, equal to Trz{ai) ■ ■ -T^zids), which 
belongs to J/aCttzB)"- □ 

As noticed above, d : V{R) V{R) is a derivation of all (n, h) products. 
Hence the induced map 

: UiTTzQ) ^ ZhuHV{R) Ui-KzQ) , 

given by d^{'Kz{jA)) = TTz{dA) is a differential of the associative algebra U (ttzq) — 
ZhuHV{R). 

Lemma 4.24. We have 

d^ (pPUAinzBr) C FPUA{7rz3r+^ . 

Proof. Let A = 7rz(ai) • • • 7rz(a,) G FPUa{ttz3T, with G flP"«'[Ai], and 
+ 9i) = n, J2iPi > P> Z^i Aj = A. We have A = Trz{A), with A = 
ft=i) ■ ■ •(-i-'i=i) follows by Lemma 3.18 that A G FPV{R)"-[A]. 

By assumption (4.22) dA G FPF(i?)"+i[A], hence by Lemma 4.23 above, we 
conclude that d^{A) = T:z{dA) G FPJ7A(fl)"+\ as we wanted. □ 

So far we proved that d^ : U{Trz3) U{'KzQ) satisfies the conditions (4.8). 
We want to prove that d'^ is a good almost linear differential of the non-linear 
Lie algebra Trzfl- For this, we will need the following 



90 



Lemma 4.25. We have 

TVzQP''[A]r\d^~\FP+V^{nzQT+''~^^) = nzl^g^^lAlnd-^FP+'ViRY+i+^lAlfj . 

Proof. The inclusion D follows immediately by Lemma 4.23 above, so we only 
need to prove the opposite inclusion. Let a G gP'[A] be such that d^{TTz{a)) = 
TTzida) e F2'+'=t/A(7rz0)P+«+i. By assumption (4.23) on d, wc have da = 
a + A G 0P'9+i[A] © i^P+'y(i?)P+«+i[A]. We then have 7rz(a) = nzida) - 
TTz{A) e FP+'=C/A(7rz0)P+9+i. But 7rz(a) e TTzflf'^+MA] and 7rz£iP'«+i[A] n 
FP+<^C/A(7rz0)P+''+i = 0. Hence TTz{a) = 0, and a = 0. In conclusion da G 
_pp+e l/(i?)P+9+i ^ ^^Yiich is what wc wanted. □ 

We now use assumption (4.23) and Lemma 4.23 to get 
rf^(7rz0P''[A]) = TTzCdgP^fA]) c 7rz(0f'9+MA]©Ff+^y(ii)f+«+MA]) 
C TTzflf [A] © FP+^C/A(7rz0)^+«+' , 

hence d'^ is an almost linear differential of ttzQ- Moreover, by assumption (4.24), 
Lemma 4.23 and Lemma 4.25, we have, for p + 5 ^ 0, 

7rzfl^'«[A]n(i^"' (i^^+^C/A(7rz0)f+«+i) C d^(7rz0P'«-MA])+FP+^C/A(7rz0)f+« , 

hence the differential is good. We showed so far that i^z^d^ satisfy the 
conditions of Theorem 4.14. Let ei,Ei be as above; namely {e^, i £ 2pA} is a 
basisof0P-P[A]nd-i(i^P+'y(ii)i[A]) andi;^ G FPF(i?)°[A]nKerd is such that 
Ei-e^ e FP+''V{Rf[A]. By Lemma 4.25, {7rz(e,) | i G IpA} is then a basis of 

nz9P'-P[A]nd^~^ {FP+'UA{TrzQy), and, for i G I^a, T^z{Ei) G i^Pt/A(7rz0)O n 
Kerrf^ is such that irziEi) — 7rz(ej) G F^"'"*J7A(7rz0)°. Notice that by Lemma 
4.13, the quotient map tt^ restricts to an isomorphism J7(7rz0)° D Kerd'^ 
H{ZhuHV{R),d^). As in (4.16) we then let 

HP'-P{7rzQ,d^)[A] = spanc{7rf7rz(£;i). i^^pa} , 
H{nz0,d^) = 0fff'-P(7rz0,rf^)[A] c H{ZhuHV{R),d^) . 

p,A 

By Theorem 4.14, H{ttzQ, d^) is a non-linear Lie algebra and H{ZhuHV{R), d^) 
U{H{TrzQ,d^)). The following lemma follows immediately by the above ob- 
servations. 

Lemma 4.26. The associative algebra H{ZhuHV{R), d^) is PBW generated 
by the set {^n^-Kz{Ei) | i G X}. 

Proof of Theorem, 4-20. First, wc need to show that the map 0, given by (4.29), 
is well defined. The natural quotient map wz ■ V{R) — > ZHuhV^R) is such 
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that 7rz(Kcrd) c Kerd^ and Trz{d{V{R))) = {ZhuHV{R)). Hence it induces 
a canonical map 

H{V{R),d) — > H{ZhuHV{R),d^) , (4.30) 

given by 7rjj(A) ^ n^TTziA). Recall that tth : V{R) H{V{R),d) is a 
vertex algebra homomorphism which preserves the conforrnal weight. Hence 
7rff(^)(-2.R)7rH(S) = TiH{A^2.hB). And obviously Trf 7rz(^(-2,R=i)-B) = 0. 
Therefore Jn=i{H{V{R),d)) = H{V{R),d)(^_2M=i)H{V{R),d) is in the kernel 
of (4.30), which of course guarantees that (j) '■ i^z^Hi-A) ^ t:^t:z{A) is well 
defined. The fact that (j) is an algebra homomorphisni is immediate: 

^{TT^TTH{A)-7r^TTH{B)) = ^{tT^ {iTH {A-l,n=lB))) = Trf (7rz(A_l,ft=lB)) 

= TT^inziA)) ■ n^{nz{B)) = cl>{A) ■ cj>{B) . 

Finally, ^ is an isomorphism since, by Lemmas 4.21 and 4.26, it maps a PBW 
generating set of ZhuHH{V{R), d) to a PBW generating set of H{ZhuHV{R), d^) 

□ 

5 Finite and afRne W-algebras 

5.1 Definition of the aflRne W-algebra Wk{Q,x,f) 

Let is a simple finite dimensional Lie superalgebra, with a non-degenerate 
even supersymmetric invariant bilinear form ( .| .), and let a;, / G g be a pair of 
even elements such that ad x is diagonalizable on q with half-integer eigenvalues 
and [x, f] = — /. Let 

= ffijgiz0j (5-1) 

be the eigenspace decomposition with respect to ad x. Let 0_, g> and q< 
denote the sums of all eigenspaccs gj with j positive, negative, non-negative, 
and non-positive, respectively, and let 7r+, 7r_, 7r>, 7r<, denote the corresponding 
projections of g on g+, etc. We shall assume that the pair x, f is "good", i.e. 
the centraliser of / in g lies in g<. In this case the grading (5.1) is also called 
good. It is easy to see that for a given a;, all / such that the pair cc, / is good, form 
a single ea;p(0o)o-orbit, which is Zariski dense in (g_i)o. A case of special interest 
is when the pair x, / is a part of an sl2-triple SI2 ~ spanj-{e, h = 2x, /} C g. In 
this case the spectrum of ad x is automatically in ^Z, and the pair x, f is good 
by representation theory of SI2. One can find a detailed study and classification 
of good gradings of simple Lie algebras in [EK]. 

Following [KRW, KWl], we recall here the construction of the family of 
vertex algebras Wk{g,x, f), depending on a parameter k G C We define a 
skew-supersymmetric bilinear form {.\.)ne on fli by (see 0.6) 

{a\b)ne = if, [a,b]) . 

This form is non-degenerate since the map ad / : g_i/2 Q1/2 is a vector space 
isomprphism. 
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For each j G we fix a basis {u,y \ a G Sj} of Qj compatible with the parity 
of Q. We denote p{a) = p{ua), the parity of Ua, let s{a) ~ s{ua) = {—iy^°'\ 
and let ja = j if Ua € Qj. Furthermore, we let S+ = |Jj>o ~ Ujxo '^i' 

so that {ua I a £ 5+} is a basis of 0+ and {u^ 1 q G S'<} is a basis of g< For 
j G 5Z, we also let {u" | a G 5^} be the basis of Q-j, dual to {ua \ a G Sj} with 
respect to the bilinear form ( .|. ), i.e. 

In particular {u°'}aeS+ is a basis of fl_ dual to the basis {ua}aGS+ of g+. 
We shall identify 0_ and via the bilinear form ( .| .). Finally, we let {ua} 
and {va}, a G 5i, be a pair of dual bases of fli with respect to the skew- 
supersymmetric form {■\.)ne, i-e. 

{Ua\vp)ne = {f\[Ua,V0]) = 5a,0, a, (3 G S1/2 ■ 

It is immediate to check that, with the above notation, we have 

= K,/] ,aeSi/2 . (5.2) 

The building blocks of the complex that defines the affine VF-algebra are 
the universal enveloping vertex algebras of current and fermionic Lie conformal 
algebras, described in Subsection 1.8. However, we shall use a slighly more 
convenient language of non-linear Lie conformal algebras (cf. Example 3.9). 
First, the current Lie conformal algebra CurtQ of level k is, by definition, the 
free C[T] -module C[T] together with the non-linear A-bracket 

[a\h] = [a,b] + Xk{a\b) , a,b€Q. 

Second, let (fg_^ = {^pa | a G 0+} be a vector superspace isomorphic to 110+, 
where 11 denotes parity-reversing, via a i— > (/3o, and we let = {ip°' \ a G 0-} 
be a vector superspace isomorphic to n0_, via a i-^ The projections and 
IT- allow us to extend the notation ipa, 'P°' to all a G 0, by letting 

fa ■■= f-K+a , ly?" := , a € . 

The superspace ipg^ © cp^- is endowed with the following non-degenerate skew- 

supersymmetric bilinear form (a, 6 G 0): 

{¥>a\fb)ch = {>fi°'\>fi^)ch = , {fa\f^)ch = s{a){(fi^\ifia)ch = (7r+a|7r_6). 

Here, as before, s(a) = (— l)^^''^ where p{a) denotes the parity of a G 0. We 
will denote (pa = ly?" = , a € S+. Then {(fia, </5" | a G 5-1- } is a basis 
of v'fl+ ®<P°-, such that {(Pa\<fi0)ch = {f"W^)ch = 0, {fa\v^)ch = S^. The 
corresponding charged free fermion non-linear Lie conformal algebra Rch is, by 
definition, the free C[T]-module C[T] (g) (i^g^ © '■P^~), with the A-bracket 

[(/.aV'] = (</'IV')cft , <^,^G¥'fl+ev^- . 
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Finally, let ^g^^.^ = {^a\o. G 01/2} be a vector superspace isomorphic to 
01/2, via a I— > $a, together with the skew-supersymmetric bilinear form ( | )„e 
defined above. We will denote = = a G S1/2, so that 

($a|$'')„e = -s{a){^'^\^a)ne = • As bcforc, thc projection 771/2: Q1/2 
allows us to extend the notation $0 to all a G by letting 

$a = $7ri/2a , « G • 

The corresponding neutral free fermion non-linear Lie conformal algebra R„e is, 
by definition, the free C[T]-module C[T] (g) ^gj^j, with the A-bracket 

[^aX^b] = {^a\^b)ne , a, 6 S 01/2 • 

Now we define the (non-linear) Lie conformal algebra Rk{g,x) as the direct 
sum of the non- linear Lie conformal algebras CuvkQ, Rch and Rne- 

Rk{0,x) = C[T]r(0,a;),where r{g,x) = 0® ^Pg^ ® f^- ® > 

and we let Ck{Q,x) = V{Rk{g,x)) be the corresponding universal enveloping 
vertex algebra. (Note that wc are taking the complex, described in Subsection 
0.4, for the choice s = 01/2-) 

The following relations are obvious and they are useful for many computa- 
tions (a e 0), 

aeS aGS 

= ^ {a\u")ipa , if" = ^ {Ua\a)ip" , 

aeS+ aeS+ 

= ^ (/|[a,^;„])$„ = ^ (/|K,a])$V 

o:£'5i/2 0!ESi/2 

We define the energy momentum, element L G Ck{Q,x) by 

L = L^+Tx + L"^ + L^'' G Cfc(0,x) , 

where LB is defined by (1.60), L"" = L"^ is defined by (1.62), where A = ^g^^^, 
and, finally, L"'^ = L^^'™ is defined by (1.64), where A = ipg_^ © ip^- and m = 
{ja)- It follows that L is a Virasoro element, i.e. 

[L^L] = (r + 2A)L+^c;t(0,x)A3 , 

where, due to (1.61), (1.63), and (1.65), the central charge Ck{g,x) is given by 

fcsdima „, , , ^ ■^-^ / n / „ o w„ „n 1 
'='^(0' ^) = k + h^ ~ 12^(^1^) - «(")(12ja - 12ja + 2) - -sdim0i/2 . 
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It is straightforward to compute the A-bracket of L with the generators of 
Ck{Q,x): 

[Lxa] = Ta + X{a-[x,a])-kX''{x\a) , [L a = (T+^A)$a, 

[L X ^a] = T<p, + XiPa-[a,,a] , [L A V'l = Tip'' + Af^"!"'"] • 

In other words, all generators Ua{a G S), (pa,ip°'{a G 5*+), and G <S'i/2), 

are eigenvectors of the Haniiltonian operator H = Lq, and are primary elements, 
except for Ua{a € So) such that {ua\x) ^ 0, with the following conformal 
weights: 

AK) = (ae5), A($„) = 1/2 (aG5i/2), 

A(^„) = (ae5+), A(^«) = i„ (ae5+). (5.3) 

Next we define the charge decomposition Ck{Q,x) = ©ngzC'feCflja;)" by letting 

charge a = charged = , a £ g, $ € ^gi^s > charge T = , 

chargetpo = — 1 , a e 0+ , charge^?" = 1 , a G Q- . (5.4) 

This makes Ck{Q, x) a Z-graded vertex algebra. Notice that we are choosing the 
sign in (5.4) opposite to that of [KWl]. 

Now we introduce the following clement of Ck{Q,x) (cf. Section 0.4): 

d = ^(") • ■ + a ■ • + 

+ \ 12 ■ : • (5-5) 

Lemma 5.1. (a) The element d € Ck{g, x) has parity 1 and charge 1. More- 
over d is a primary element of conformal weight 1, i.e. [L\d\ = (T + \)d, 

or [d\L\ = XL. In particular. rf(o)i = 0. 

(b) The element d satisfies the following X-bracket relations with the genera- 
tors ofCk{Q,x) (a e g): 

[dxa] = ^ s(a) : ^"K,a] : + fcs(a)(T + A)^" , 

[dxiPa] = ■JT+a-\-{a\f) + s{a)^a+ Y -V^Vluo^n+a]- , (5-6) 

aeS+ 

Using (5.2) we can rewrite the last equation as [d \ = ip°' , a & Si/2- 

(c) The X-bracket of d with itself is trivial: 

[dxd] = . 
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(d) (i(o) is an odd derivation of all n*^-products in Ck{Q, x), it commutes with T 
and H, it increases the charge by 1, and d^^^ = 0, hence it is a differential 
of the vertex algebra Ck{Q, x). 

Proof, (a) and (b) follow by a straightforward computation, (c) follows from 

(b), after another long computation, (d) is immediate by Proposition 1.12(a) 
and, in view of (c), by the commutator formula (1.18). See [KRW, KWl] for 
the details of the proof. □ 

Definition 5.2. We define the affine W -algebra Wk{Q,x, f) to be the vector 
superspace 

Wk{Q,x,f) = iJ(Cfe(0,a;),d(o)) , 

together with the vertex algebra structure induced from Cfc(fl,a;) (see Proposi- 
tion 1.12(a)), and the Hamiltonian operator H, defined by (5.3). 

Rem,ark 5.3. Since, given x, all elements /, such that the pair x,f is good, 
are conjugate by exp{Qo)o, the W^-algebra Wk{g-x,f) is independent, up to 
isomorphism, of the choice of /, hence we shall drop / from its notation. Of 
course, Wk{g,x) depends, up to isomorphism, only on the conjugacy class of x 
in 0. 

Remark 5.4. After the present paper was completed, the paper [BrG] came to 
our attention, where the authors study the finite W-algebras in their Whittaker 
model definition, attached to more general good R-gradings: g = ©jg^fli' 
defined by the property that there exists / G for which C S<i/2- Using 
this, they prove that all the corresponding finite W^-algebras with the same / 
are isomorphic. It is easy to sec that if we let 0+ = 0>i/2, 0- = 0<-i/2j then 
the definitions of the affine and finite W-algebras Wk{3,x,f) and W^'^{g,x,f) 
in Sections 5.1 and 5.2 are still valid. Moreover, using the results of [BrG] on 
good R-gradings, it is not difficult to show that affine VF-algebras Wk{g, x, f) 
with given / are isomorphic. However, it is still useful to vary x, which defines 
a good R-grading with given /, since this produces different energy-momentum 
fields, hence different Hamiltonians H and different categories of positive-energy 
Wk{g, X, f)-modu\es. One such example is treated in detail in [KRW]. 

5.2 Definition of the finite W-algebra ^^"(g, x) 

In order to define the finite W-algebra W^'^{g, x) we look at the H- twistcid Zhu 
algebra of the vertex algebra Ck{g,x). According to Definition 3.27, the H- 
twisted Zhu non- linear Lie algebra associated to Rk{Q, x) is the vector superspace 

ZhunRkin) = f{g,x) ~ ©^g+ 0^^" © ^gi/^ , 

endowed with the non-linear Lie bracket [ , ] induced by the bracket [ * ] on 
Rk{g,x), namely 

[a, 6] = [a,b] — k{[x,a]\b) , for a,6G0, 
[^,V] = {$\^)ch , for ^, V e © , 
[$,$'] = ($|$')„e , for e $g,,, , 
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and all other brackets equal zero. Indeed, since [a^,b] = (^"^ ^)a(j)6, we 

have [a,b] = [a,b] + k{Aa — l)(a|6), which gives the first formula; all other 
formulas are obvious. Here and further we denote elements of ZhuHCk{3,x) 
with an overbar, in order to distinguish them from the same elements in Cfe(0, x). 
By Corollary 3.26, the iJ-twisted Zhu algebra of Ck{Q,x), which we denote 
Cfe"(S) x), is isomorphic to the universal enveloping associative algebra of f(fl, x), 

Ct{Q,x) := ZhuHCk{g,x) ~ Uir{g,x)). 

Remark 5.5. Notice that the associative algebras C^'^{q,x), with S C, are 
all isomorphic. Indeed we have an explicit isomorphism a : Cf"(0,a;) 
C^I^q{q, x), given by cr[a) ~ a + k{x\a), for a €E fl, with all other generators 
unchanged: a{(fa) = fa, cr((p") = <p", cr($a) = Hence we shall denote, 
from now on, C*"(0,a;) without subscript k. 

Let TTz be the natural quotient map from Ck{Q,x) to C^'^{g,x). It is imme- 
diate to check, using Remark 4.12(b), that the element d = 7rz{d) € C®"(0, x), 
corresponding to d in (5.5), is given by 

d = s(")^"^c« + Yl ^"*« + 
+ ^ E • (5-7) 

cx,0es+ 

Moreover, since A(rf) = 1, we have [d^A] = d(o)A for every A s Ck{0,x), hence 
\d, TTz A] = Trz{d(^Q')A). In other words, the action on C^'^{q, x) induced by rf(o) 
is given by the adjoint action of d: 

add: C^''{q,x) C^''{s,x) . 

It follows that ad d is an odd derivation of the associative superalgebra C*^"(0, x), 

and (add)^ = 0. 

Definition 5.6. The finite W -algebra W^'^{q, x) is, by definition, the associative 
superalgebra 

W^%Q,x) = if(Cfi"(fl,ar),arfd) . 

By Remark 5.5, the finite W-algebra is, up to isomorphism, independent oik, 
namely the isomorphism of W^'^ with W^q " is given by the change of generators, 
described in the Remark. Here we are using the fact that the isomorphism a 
leaves d unchanged. 

5.3 Structure of the ctfRne W-algebra Wk{Q,x) 

The following vertex operators of the vertex algebra Ck{g, x), will be important 
"building blocks" for the affine W^-algebra (cf. the second formula in (5.6)): 

Ja = a+ Y ■ V°''i^iu^,a] ■ , a&Q. (5.8) 
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In other words, wc define an injective linear map g — > Jg C Cjt(g), given by 
a Ja- We will also denote Ja = a G S. Notice that Jo has the same 
parity, the same charge degree, and the same conformal weight as a. It is clear 
from the definitions that the space Jg © (pg^ © (p^- © '^'81/2 ^ freely generating 
subspace of the vertex algebra Ck{Q,x). We can then rewrite all formulas in 
Section 5.1 in terms of this new set of generators. 

First, wc compute the A-bracket of Jo, a € g, with the generators of Cfe(g, x). 
We immediately get for a, 6 G g, 

[Ja X ^b] = S{a)ip[a,n+b] , [Ja X = ^'"'"""l , [Ja A ^ft] = . (5.9) 

It follows by a straightforward but rather lengthy computation, that 

[Ja X Jb] = J[o,5] + A(A;(a|6) +str0_^(7r+(ada)7r+(arf6))) (5.10) 

+ X] • '^"('^[7r<K,a],6] -p(«>^)<^[7r<K,6],a]) : • 

Notice that the last term in the above equation is identically zero if a and b are 
both in g> or both in g<. We then denote 

i'k{<^\b) = A;(a|6) + strg_^ ((7r+oda)(7r+ad6)) , (S-H) 

so that equation (5.10) implies, for a,b € g< or a,b G q>: 

[Ja X Jb] = J[aM+Ma\b) . (5.12) 

We are also interested in the A-bracket of d with the generators of Ck{Q, x). 
It immediately follows from (5.6) that 

[d X ^a] = J^+a + {a\f) + s(a)$o . (5.13) 

We are left to compute [d \ Jg], a £ q. This is obtained by another somewhat 
lengthy computation: 

[d X Ja] = • <^"'^'^<K,a] : -s(a) ^ : <p"$k,o] : 

aeS+ aeS+ 

+ (T + A) ^ Vfe(aKV" + s(aV'^'"' • (5-14) 

Notice that the first three terms in the RHS are identically zero for a G g+. In 
other words, we have 

[d A Ja] = s{a)ip^f''''^ = -[d X s{a)^a] , a e 0+ . 

We now let R+ and R be the following free C[T]-submodules of Ck{Q, x), 

R+ = C[T]r+ , r+ =(^g+ ©d(o)VJfl+ , (5.15) 
R = C[T]r , r = J0< e e $0,/, , 
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where Jg< = {Ja, a G f|<}. Recall that (cf. (5.6)) 

d{o)<Pa = Ja + + s{a)^a , a e 0+ . 

Hence R+ (1 R = 0, and ® i? is a freely generating subspace for the vertex 
algebra Ck{Q,x). Moreover, it follows from the A-bracket relations (5.9) and 
(5.12) that both i?+ and R®C are closed under the A-bracket. More precisely, 
R+ has the following structure of a Lie conformal algebra {a,b € q+): 

[fa X ifb] = , [d(0)'fia X fb] = S{a)(p[a,b] , 

[d{0)'Pa X d(^o)'Pb] = d(^o)<Pla,b] ■ (5.16) 

The third equation is obtained by applying rf(o) to both sides of the second equa- 
tion and recalling that (i(o) is an odd derivation of the A-bracket and d^g^ = 0. 
Similarly, the A-bracket of Ck{3,x) restricted to R gives the following struc- 
ture of a non-linear Lie conformal algebra on R (for Ja,Jb G Js<^ G 

[Ja A Jb] = JlaM+^Ma\b) , [Ja X v'] = ^'"'^1 , (5-17) 
[$aA$b] = if\[a,b]), [J„;,$''] =0= [^%/] = [(^'^A^&b] . 

In conclusion, the universal enveloping vertex algebras V"(i?+) and V{R) are 
naturally vertex subalgcbras of Ck(g,x), and, since Ck{Q,x) is freely generated 
by i?+ © R, we have a vector space isomorphism 

CkiQ,x) ~ V{R+)®V{R) , (5.18) 

which extends the natural cmbcddings of V(R+) and V{R) in Ck{Q,x). Notice 
that (5.18) is not a vertex algebra isomorphism since, for example, the A-bracket 
of Ja, a € g< and ipb, b e 0+, is not necessarily zero (see (5.9)). 

We further observe that the action of the differential (i(o) preserves both 
vertex subalgebras V{R+) and V{R). More precisely, (i(o) obviously restricts 
to a differential, which we denote by d+, of the Lie conformal algebra R+ = 
C[T]{ipg_^ ® d(^o)fg+) = C[T]r+, commuting with T, and given by: 

d+{iPa) = d(o)ipa, d+{d(Q)ipa) = 0. 

The corresponding cohomology vanishes, since Kerd+ = lmd+ = C[T]di^o)'fB+- 
On the other hand, d(^Qj restricts to a vertex algebra differential, which we denote 
by d, of V{R) C Cfc(fl, x), but it does not preserve R = C[T]r. Namely the action 
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of on r = Jg< ® <^s- ® $01/2 is "non-linear", and it is given explicitly by 

d{^n = ^ E ^(") : , a e 0-, (5.19) 

d{^a) = ^["'^1 , a G 01/2. 

Recall that the affine W-algebra is defined as Wk{g,x) = H{Ck{Q,x),d{o)). We 
thus get, by the above observations, 

Wk{Q,x) = H{CkiB,x),d(^o)) - HiViR+)®ViR),d+^l + l®d) 

~ H(y{R+),d+)(^ H{V{R),d) =i H{V{R),d) . (5.20) 

In the third equality we used the Kunneth Lemma, and for the last equality 
just notice that, by Theorem 4.7, H{V{R+),d+) ~ V{H{R+,d+)) = C. 

We finally observe that the decomposition (5.18) is compatible with the H- 
grading (5.3) of Ci.{q,x). In particular R = C[T]r has the induced ^N-grading, 
given by 

A(J„) = l-j„, A((^") = A($„) = 1/2, (5.21) 

which induces a iZ+-valued i?-grading of the universal enveloping vertex alge- 
bra V{R). Moreover, since H commutes with d, we have an induced i?-grading 
of the affine W-algebra Wkie, x) ~ H{V{R), d). 

We can summarize all the results obtained so far in the following 

Theorem 5.7. The vertex algebra VFfe(0, a^) is isomorphic to the vertex algebra 
H{V{R), d), where R = C[r]r, r = Jg< ©(^^^ ffi$Bi/2> non-linear Lie con- 

formal algebra with X-bracket given by (5.17), V{R) is the universal enveloping 
vertex algebra of R, and d is a differential ofV{R), given by (5.19). 

Moreover, the H-grading on Wk{g,x) is induced by the ^N-grading ofr given 
by (5.21). 

5.4 Structure of the finite W-algebra W^"^{q,x) 

We want to apply the arguments from the last section to the finite W-algebra 
W^^{q,x). As before, we denote by ttz the natural quotient map from the 
vertex algebra Ck{Q,x) to its iJ-twisted Zhu algebra C^^{q,x). In particular, 
using notation introduced in Section 5.2, we have (a G g) 

7rz(a) = a , -Kzi^Pa) = Tp^ , irzi^"') = ^ , T^zi^a) = $o . 

We also denote by J a G C^"(0, x) the image via ttz of Ja G Ck{2, x), defined in 
(5.8). We have: 

Ja = a+ Y '^'^[u^,a]~^^^^B+ii'^dx){ada)) , a€g. (5.22) 

aes+ 
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The following identities can be used to prove equation (5.22), and they will be 
useful to translate all other results from the last section from the affine to the 
finite case. We have, for a,b,c G q: 

TTz{- f^-fb ■■) = ^'Vh + ix\[TT-a,'K+b]) , 

7rz(: ^a^^ :) = VoJ^ + (a;|[7r+a, 7r_6]) - {a\b) , 

7rz(:<pVVc:) = ^^^e + (a^lfTT-^TT+c])^" (5.23) 

- s(a)s{b)p{a,b){x\[TT^a,Tr+c])lp^ , 

TTzi: ^"Jb :) = r Jft + K^)^""'"-"''"' ■ 

We explain how to derive the first relation, all the others are obtained in a 
similar way. By definition 'ip'^Tpf^ = wz{'p"' *-i fb)- Hence the first equation in 

(5.23) follows by the identity 

*_i ipb = : (p^ipb ■ -{x\[jT-a,TT+b]) , 

which is easy to check by the definition (2.37) of the *_i-product. 

Notice that the space Jg © (B^^- ffi ^bi/2 PBW generates C^"(0,a;). 
The commutation relations among these generators immediately follow from 
equations (5.9) and (5.10), via the condition 

[ttzA,ttzB] = nz[A,B] , A,BeCk{0,x) . (5.24) 

Moreover, recall that the adjoint action of d on C^'^{q, x) is induced, via ttz, by 
the action of rf(o) on Ck{Q,x). Namely 

\d,TTzA] = 7rz(d(o)A) , A&Ck{Q,x). (5.25) 

As in the previous section, we then define the spaces 

which arc non-linear Lie subalgebras of C^"(0, x), with the following commuta- 
tion relations. In r_(_ we have, for a, 6 G 0+: 

[[rf,^J,[rf,^b]] = K^[a,6]] • (5-26) 
The second equation follows by (5.24) and the identity 

= J^r+a + (a|/) + s(a)$a . 

The last equation follows by the fact that {add)^ = 0. In r we have, again from 

(5.24) , (for Ja,Jb G J0<, G ^8-, G ^g^^J, 

[Ja.Jb] = 7[a,6]-Vfc([x,a]|6) , [Ja,^1 = ^["'"1, (5.27) 

[$„,$6] = {f\[a,b]) , [Ja,t] = = [r,^'] = [r.^b] • 
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The universal enveloping algebras U{r+) and U(r) are naturally subalgebras of 
C'^"(g,a;) and, by the PBW Theorem, we have a vector space isomorphism 

C;fi"(fl,a;) J7(f+)0C/(f) . 

Moreover the adjoint action of d restricts to a differential d+ of f+, hence of 
U{r+), is given by 

^+(^0) = [d',^a] > d+{[d,-ip^]) = , 

and it restricts to a "non-linear" differential of U{r), an odd derivation of the 
associative product, which we denote again by d. It can be computed explicitly 
using (5.25) and it is given by 

d(J.) = 1: .(a)r7.,K,al+^(«)^^^+"''"°''^''"°'"" 
aes+ 

aeS+ aeS+ 

d{r) = IJ2 s(a)r^'"°'"^ , a e 0- , (5.28) 

d(*„) = ^["^'/l , a G 01/2 . 

Recalling Definition 5.6 of the finite W-algebra, we can repeat the same argu- 
ments from last section, equation (5.20), to conclude that 

W''''{Q,x)=H{C^''{g,x),add) ~ H{U{f),d) . 

Moreover, it is clear from the above definitions that the non-linear Lie algebra r 
coincides with the if-twisted Zhu algebra of the non-linear Lie conformal algebra 
R, defined in (5.15). Hence, by Theorem 3.25 we have 

ZhuHV{R) ~ UiZhuuR) ^ U{r) . 

Finally, the action of d on U{f) is induced by the action of d on V{R), defined 
in (5.19), namely 

dim A) = nz{dA) , A e V{R) , 

where, as before, ttz denotes the quotient map from the vertex algebra V{R) to 
its if- twisted Zhu algebra U{r). 

We can summarize all the above results in the following 

Theorem 5.8. The finite W-algebra Wfi"'{Q,x) is isomorphic to the associative 
algebra H{U{r), d), where r = Jg^ ®^^- ®^si/2 — ZHuhR is the H-twisted Zhu 
algebra of the (non-linear) Lie conformal algebra R (defined in Theorem 5.7), 
with the Lie bracket given explicitly by equations (5.27), and d is the differential 
on U{r) ~ ZhuHV{R) induced by d on V{R) (again defined in Theorem 5.7), 
given explicitly by equations (5.28). 
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5.5 Relation between finite and ciffine W-algebras 

Recall that, by Theorem 5.7, the affine W-algebra can be defined as Wkis, x) = 
H{V{R),d), where R = C[T]r, r = Jg< © (p^- © ^g^^^, is the non-linear Lie 
conformal algebra defined by (5.17), and the diff'erential d : V{R) — > V{R) is 
given by (5.19). Wc now want to show that the pair (R, d) satisfies all assump- 
tions of Theorem 4.19 and Theorem 4.20. For this we need to decompose the 
generating space r as in (4.4): 

r = rf«[A] . 
This is obtained by assigning the following degrees 





p 


q 
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Ja, a G S< 


ja — 2 


~3oi + 2 




If"', a€S+ 


~ja + 2 




ja 










1 
2 



Notice that A coincides with the conformal weight (5.3), and p + q coincides 
with the charge (5.4). It is immediate to check that the Lie conformal algebra 
structure (5.17) of R satisfies the grading conditions (4.20), namely 

rfi9i[Ai](„)rP=«^[A2] C Tfi+P=+''9i+«=-'(ii)[Ai + A2 - n - 1] . 

l>0 

In particular, the universal cnvc^loping vertex algebra V{R) has the induced 
Z-charge grading, the increasing ^Z-filtration given by p, and iZ+-valued con- 
formal weight A. We finally need to show that d : V(R) V{R) is a good 
almost linear differential of R, according to Definition 4.9. Indeed, d leaves un- 
changed the conformal weight and changes the charge degree by +1. It is also 
immediate to check that the action of d preserves the increasing filtration given 
by p. In other words condition (4.22) holds. The associated graded difi'erential 
is easy to write down: 

d^'iJa) = -s{a)^^^'f^ , d^'^iip-) = , #'^($,) = ^['^'/l . 

In particular, it is a "linear" differential of r of bidegree (0, 1), with Kcr(d^'^\r) = 
Jgf ffi (p^^ and Im(#''|r) = (p^^ ■ Hence the corresponding cohomology is con- 
centrated at the zero charge: 

H{r,dS') ~ Ker(ds^l^o) = J^f . 

In other words, conditions (4.23) and (4.24) hold. 

The following result is now an immediate consequence of Theorem 4.19 (see 
also [KWl]): 
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Theorem 5.9. Fix bases {ui \ i € Ij} of gj, j < 0, and let Ji = J^, i € I = 
Ujlj. For every i € Ij we can find an element Ei G F^~^^^V{R) of zero charge 
and of conformal weight 1 — j, such that d{Ei) = and Ei — Ji G F^V{R). 
Moreover the space 

H{R,d) = C[T]H{r,d) , where H{r,d) = spanc{Ei, iel}, (5.29) 

admits a structure of a non-linear Lie conformal algebra such that Wk{g,x) ~ 

V{H{R,d)). In particular Wk{5,x) = H^{V{R),d), i.e. the cohomology of the 
complex (Cfe(g, x), (i(o)) concentrated at zero charge. 

We now recall that, by Theorem 5.8, the finite W-algebra is isomorphic 
as associative algebra to H{ZhuHV{R),d^). We thus immediately get from 
Theorem 4.20 and Theorem 5.7 the main result of this section: 

Theorem 5.10. There is a canonical associative algebra isomorphism 

ZhuHWk{0,x) ^Wfi^{Q,x) ~ U{H{r,d)) , 

where H{r, d) is the space in (5.29), with the structure of a non-linear Lie algebra 
induced by the bracket [*] on Wk{Q,x). 

Rem,ark 5.11. Lot Kq denote the subspacc of zero charge rf-closed elements of 
V{R). Then, obviously, the canonical map Kq — » Wk{Q,x) is an isomorphism 
of vertex algebras. Thus we have the "formality" property, i.e. the complex 
(Wfc(g, x), d = 0) embeds in the complex (Cfe(g, .t), (i(o)) as the subcomplcx con- 
sisting of zero-charge (i(o) -closed elements of the subcomplex {V{R),d). Similar 
"formality" property holds for the finite W^-algebras 

6 Quasiclassical limit: quantum and classical W- 
algebras 

If we remove the integral terms ("quantum corrections") in formulas (1.37), 
(1.38), (1.39) and (1.40) of the fourth definition of a vertex algebra, we arrive 
at the definition of a Poisson vertex algebra (cf. [FB]). 

Definition 6.1. A Poisson vertex algebra is a quintuple (V, |0), T, { . ;v . }, •), 
where 

(i) (V, T, { . A • }) is a Lie conformal superalgebra, 

(ii) (V, |0), T, ■) is a unital associative commutative differential superalgebra, 

(iii) the operations { . a • } and • are related by the Leibniz rules (= commuta- 
tive Wick formulas): 

{axbc} = {axb}c + p{a,b)b{axc} , (6.1) 

{abxc} = {e^^'a){bxc}+p{a,b){e^'^'b){axc} (6.2) 
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( = p{a, b)p{a, c){bx+Tc}^a + p{b, c){ax+Tc}^b, where the arrow means 
that A + T should be moved to the right) . 

As for vertex algebras, given a Poisson vertex algebra V we can define n*'^ 
products for every n e Z as follows: 

a(-n-i)b = {T^'^^ajb , a(„)6 = -^{a \ b}\^^^ , n G Z+ . 



Example 6.2. Let V = C[u^"'* \ i € I, n G Z+], be the algebra of polynomials in 

(n) (n) 

the even indetcrminatcs ul , let T be the derivation of V defined by Tu] = 
u[^~^^\ and let |0) = 1. Define a A-bracket on V by 

{PxQ} ^ ^ ^{X + rriu, x+T ujUi-X-Tf^ , 

where the A-bracket between the Ui = is defined such that skewsymmetry 
(resp. Jacobi identity) holds for any pair u,, Uj (resp. triple w,, Uj, Uk)- As 
before, {oa+t^}^ means that the powers of A + T are placed on the right. Then 
it is not difficult to check that V is a Poisson vertex algebra. For example we can 
take {ui \ Uj} = Pi,j{X) be arbitrary polynomials such that ^^.^(A) = — Pj,i(— A) 
for every i,j € /. The simplest example of this is V = C[u''"^|n G Z+] where 
{uxu} = A, called the Gardner Faddeev-Zakharov (GFZ) bracket. 

Remark 6.3. Lie conformal algebras provide a very convenient framework for 
both classical and quantum Hamiltonian systems. This is based on the obvious 
observation that, given a Lie conformal algebra (V, {• a ■}), the bracket {a, b} = 
{aA^}|A=o on V satisfies the Jacobi identity for Lie algebras, it is such that 
{TV, V} = 0, and the subspace TV is a two-sided ideal with respect to this 
bracket, so that (V/TV, {• , •}) is a Lie algebra. A "local functional" is an 
element of V/TV. Given h G V/TV, the corresponding "Hamiltonian equation" 
is, by definition, the equation 

•ii = {h, u} , u gV . 

A local functional hi is said to be an "integral of motion" for this equation if 
hi = 0, or, equivalently, if h and hi are "in involution", i.e. {h , hi} = 0. If V is 
a Poisson vertex algebra, we obtain in this way classical Hamiltonian equations. 
For example, if V = C[u, u' , u" , . . .] is the Poisson vertex algebra with the GFZ 
bracket {uxu} = A, then the local functionals ho — / m, ft-i = / = 
^ J {u^ — u'^), . . . are in involution (here the sign of the integral simply means 
taking the image in V/TV), and the Hamiltonian equation u = {/12 , u} is the 
classical KdV equation ii = 3uu' + u'" . In exactly the same way, given a vertex 
algebra V, one defines a "local functional" h G V/TV and the corresponding 
"quantum Hamiltonian equation" ii = [h,u],u G V. In particular, taking the 
vertex algebra V''{q), where g is the 1-dimensional (even) Lie algebra with a 
non-degenerate bilinear form (its quasi-classical limit, discussed below, is the 
GFZ Poisson vertex algebra), one can in the same way construct and study 
quantum Hamiltonian equations and their integrals of motion (see [FF3]). 
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Wc next want to define the (iJ, r)-twisted Zhu algebra of a Poisson vertex 
algebra (cf. Section 2.2). A Hamiltonian operator H on a Poisson vertex algebra 

V is a diagonalizable operator on V such that (cf. (0.2)) 

H{a(n)b) = (i7a)(„)& + a(„)(i7&) - (n + l)a(„)6 , a, 6 e V, n e Z . 

As usual, if a is an eigenvector of H, its eigenvalue is denoted by A^. Further- 
more, let r be an additive subgroup of R containing Z. A Poisson vertex algebra 

V is V /Jj-graded if we have a decomposition V = 0;ygr/z ^f-invariant sub- 
spaces, such that 

«V'^V C "+^V , {"V A '^V} C C[A] ® "+'^V . 

We will use the notation introduced in Section 2.2: given a G '>^"V[Aa], we let 
Ca be the maximal non-positive real number in % — A^, we let 7^ = A^ + Ca, 
and for homogeneus a, 6 G V wc let x(a, 6) = 1 or depending on whether 
+ £6 < ^1 or not. We also let H' be the diagonalizable operator of V such 
that H'{a) — jad- Consider the space V[h], with the C[/i]-bilinear commutative 
associative product induced by the product ab on V, and define the following 
C[?i] -bilinear h-bracket on V[h]: 

{a, b}n = ^ ~ ^) fi'a^j)b , a,beV. (6.3) 

Let Vr (rcsp. Vh,r) be the C-span (rcsp. C[?i]-span in V[h]) of all elements a G V 
such that ea = 0. Moreover let Jn^r C Vn,r be the C[?i]-submodule generated 
by all the elements a(^-2+xia,b),h,T)b, with a,b £V such that €a + Cb & Z, where 
we let 

a{-2,h,r)b = {{T + hH')a)b , a(_i,ft,r)& = ab , a,beV. 

If we put 6 = 1 in the above expression, we get that (T -|- hH')a G Jft,r for all 
a S Vft,r- Hence, by induction, 

T(")a = ?l"(^~J"^a modJ;,,r , for aeVh,r- (6.4) 

Theorem 6.4. J^^r «s 0. two-sided ideal of Vri,r with respect to both the com- 
mutative associative product ■ and the H-bracket {• , ■}ti. Moreover, 

ZhunxV := Vh,r/Jh,r 

is a Poisson superalgebra over C[/i], with commutative associative product in- 
duced by ■ and with Lie bracket induced by {• , ■}n. 

Proof. It is clear, by the definition, that Jft_r is a two-sided ideal with respect to 
the commutative associative product of Vti,r- Moreover, it immediately follows 
by the definition (6.3) of the ?i-bracket and by the left Leibniz rule (6.1), that 

{a,bc}h = {a,b}hC-{-p{a,b){a,c}fi , a,beV. (6.5) 
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It is not hard to prove, by a direct computation, that the following identity 
holds for all a,6 S Vr (cf. (2.11): 

{a, {T + hH)b}n = {T + hH){a, b}n ■ (6.6) 

If we then replace b by {T+hH)b in (6.5) and we use (6.6), we get, for a,b,c€ Vr, 

{a,b(-2,h,r)c}h = {a,b}^_2^n,r)'^ + P(0'^b)b(^_2Ar){0',c}h ■ (6.7) 

Next, we want to prove that the /i-bracket is skewsymmetric in the quotient 
space Vh,r/Jh,r, namely 

{b,a}ti = -p{a,b){a,b}n mod J?i_r , a,6eVr. (6.8) 

By definition of the ?i-bracket and by the skewsymmetry os the A-bracket, or, 
equivalently, by (1.30), we have 




We then use (6.4) to get, for a, 6 e Vr, 

{6, a}n ^ -via, b) ^ f"^" " + ^ + + ^) {-nr^a,,,b 

(6.9) 

mod Jn,r- Thanks to (2.22) with x = At,-!, y = -A„- A^ + n+l, the RHS 
of (6.9) is equal to 

-p{a,b) j2 

which in turn is equal to — p(a, 6){a, 6}^, thus proving (6.8). It follows by (6.7) 
and (6.8) that J^^r C Vn,r is a two-sided ideal with respect to the /^-bracket. 
We are then left to prove that the ?i^bracket satisfies the Jacobi identity in 
Vh,r/Jh,r- In fact, we will prove more, that the Jacobi identity holds already in 
Vfi,r, namely that, for a,b,c& Vr, 

{a,{b,c}n}h - P{a,b){b,{a,c}ti}h = {{a,b}h,c}h ■ (6.10) 
By the definition of the ?i^bracket, the LHS of (6.10) is 

^ T'r -pi^sbu)M) . (6.11) 
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By the Jacobi identity for the A-bracket, or, equivalently, using (1.31), we get 
that (6.11) is equal to 

i,j,feez+ ^ / \ J / \ / 

In the above expression we replace (^"~^) (^) by (^"^T^) (^"^Zfc"^) > and we make 
the change of variables n = i+ j — k, l = i — k, to get 



„.£Xv')5r-ro(t7)-(«-) 

By (2.22) with a; = — A; — 1 and y = — 1, we then get 



(n) 



, k J\ n J ^ ^ ' ^(") 

which is in turn equal to {{a, b}h, c}n. thus proving (6.10). □ 

Definition 6.5. A family of associative algebras is an associative superal- 
gebra over the algebra of polynomials C[e], such that 

[A, , A,] c cA, . (6.12) 

It is called regular if the operator of multiplication by e has zero kernel. Then 
A'^^ = A^/eA^ is a commutative associative superalgebra, with the Poisson 
bracket {a, b} defined by taking preimages a,b G A^ of a, 6 e A'^^, writing 

[a,b] = e{a,b} G eA, , (6.13) 

and taking the image of {a, b} in A'^^. It is easy to see that this bracket is well 
defined and it makes A''^ a Poisson superalgebra. The Poisson superalgebra A'^^ 
is called the quasiclassical limit of the family A^, and we let ttq : A^ ^ A"^^ be 
the natural quotient map. Similarly, A = A^/{e — 1)A^ is an associative algebra 
over C, and we let tti : -» A be the natural quotient map. 

Remark 6.6. The algebra Zhun^V over C[h] (defined in Section 2.2) is a family 
of associative algberas, by Theorem 2.13(f). However Zhun^rV is not, in general, 
a regular family of associative algebras, in the sense of Definition 6.5, since the 
multiplication by H might have a non-zero kernel. For example, if V is an in 
Example 2.18, then 

Zhun,HV ~ C[fi]y/(C© (0nT/[n])) = C[h]®(^^V[r. 

n>l n>l 

and Ker;i~0„>iy[n] 7^0. 
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However, by Proposition 2.17(a), Zhun.rV/hZhun.rV ~ yr/(^rnV(_2+x)^) 
is still a Poisson algebra, that we will call, again, the quasiclassical limit of 
Zhufi,rV. We then let Vo be the natural quotient map tpo '■ Zhuh^vV -» 
Vt/{Vy n V(_2+x)^)- More generally, recall (sec Section 2.2) that wc can spe- 
cialize Zhuti,rV at any value fi, = c G C, to get the associative superalge- 
bra Zhun,rV/{h — c)Zhufi,rV ~ Vr/Jh=c,r- Denote by tpc the quotient map 
Zhufi rV -» Vr/ Jh=c.r, B.nd recall the notation ZhurV = Vr/Jft=i,r for the 
(if, r)-twisted Zhu algebra, from Section 2.2. 

We will use the same notation also for a Poisson vertex algebra V. Namely 
wc let again ijjc be the quotient map Zhun ^V Zhun^vV / {h — ajZhun^rV ~ 
Vr/Jh=c,T for arbitrary c G C, and we let ZhurV = Vr/ Jh=i,r- Obviously 
Vr/Jft=c,r is a Poisson superalgebra over C for every choice of c e C. 

Definition 6.7. A family of vertex algebras is a vertex algebra over C[e] such 
that 

[V, X V,] C C[A] ® . (6.14) 

As before, Ve is called regular if the operator of multiplication by e has zero ker- 
nel. Then the normally ordered product on Ve induces the structure of a unital 

commutative associative differential superalgebra on = Vc/eVe,\0),T,-), 

endowed with the A-bracket {a \ b}, defined by taking preimages a,b € of 
a,b G V^, writing 

[axb] = e{a x b} , (6.15) 

and taking the image of {a x b} in C[A] (E) V^^. It is easy to see, using the 
fourth definition of a vertex algebra, that (V^', |0), T, {• x ■}, •) is a Poisson vertex 
algebra. Likewise, this Poisson vertex algebra is called the quasiclassical limit of 
the family Ve, and we let ttq : Ve ^ V^^ be the natural quotient map. Moreover, 
V = Ve/{e — l)Ve is clearly a vertex algebra over C, and we let tti : Ve -» V he 
the corresponding quotient map. 

Example 6.8. A general example of a regular family of associative algebras 
U{g)e is obtained by taking a Lie superalgebra g, defining a new C[e]-bilinear 
Lie bracket on C[e]i8)fl by the formula [a, b]e = e[a, b] for a, 6 € g, and denoting by 
U {g)e the universal enveloping superalgebra over C[e] of C[e] (8 g. It is clear that 
the quasiclassical limit of the family U{g)e is the unital commutative associative 
superalgebra S{g) with the Poisson bracket which coincides with the Lie bracket 
on and is extended to S{q) by the Leibniz rule. 

In a similar fashion one constructs a regular family of vertex algebras V{R)e, 
starting from a Lie conformal superalgebra R, by defining the C[e]-bilinear A- 
bracket [axb] = e[a xb] on C[e](8)_R, and denoting V{R)e the universal enveloping 
vertex algebra over C[e] of C[e] ® R. It is easy to see that the quasiclassical limit 
of the family V{R)e is the unital commutative associative differential superal- 
gebra S{R) with the Poisson A-bracket which coincides with the A-bracket on 
R and extends it to S{R) by the Leibniz rules (6.1) and (6.2). 

Example 6.9. In exactly the same way one constructs a regular family of as- 
sociative superalgebras (resp. vertex algebras) in a slightly more general case 
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of a non- linear Lie superalgcbra (rcsp. Lie conformal superalgcbra), which is a 
central extension of a Lie superalgebra (resp. Lie conformal superalgcbra), as 
described in Example 3.9. Also, the quasiclassical limits are computed in the 
same way. However this construction docs not work for arbitrary non-linear Lie 
superalgebras or Lie conformal superalgebras. 

Example 6.10. The GFZ Poisson vertex algebra from Example 6.2 is the qua- 
siclassical limit of the family = V{R)e, where R = C[T]u is a non-linear Lie 
conformal algebra with A-bracket [u \ u] = A. Note that -Be=i is the vertex 
algebra of a free boson (cf. [K]). 

Let be a regular family of vertex algebras over C[e], with a Hamiltonian 
operator H and a F/Z-grading. According to the above observations, starting 
from we can build the following commutative diagram of fundamental objects: 



yd 

i Zhun,T 

■01 

ZhurV^ 



: Zhufi^r 
Zhuti^Ve 

■01 

( ZhuvVe 



V 

Zhun,T 

Zhun,rV 



(6.16) 



V.rn Ve 



«(-2+x) 



T 



Vt 

yrn(y(_2+^)y 



In the above diagram, horizontal left arrows denote the canonical map ttq from 
an e- family of algebras to its quasiclassical limit, described in Definitions 6.5 
and 6.7. Similarly, the horizontal right arrows denote the quotient map tti from 
an e- family of algebras to its specialization at e = 1, described in Definitions 6.5 
and 6.7. The dotted vertical arrows stand for taking the family of associative 
algebras Zhun^r for a vertex algebra or a Poisson vertex algebra. The straight 
(respectively curved) vertical arrows denote the canonical quotient maps ipi 
(resp. Vo) to the specializations at = 1 (resp. h = 0), as described after 
Remark 6.6. 

Example 6.11. Consider the special case of a family of vertex algebras V{R)e 

associated to a Lie conformal algebra R, or to a non-linear Lie conformal algebra 
of the type discussed in Example 6.9. Suppose R has a Hamiltonian operator 
H, and take the F/Z-grading of V{R)f induced by the action of H (see Example 
2.12). Then we can build, starting from V{R)e, the whole diagram (6.16). In 
particular, at the top right and left corners we have respectively V = V{R), the 
universal enveloping vertex algebra of i?, and = S{R), the symmetric algebra 
of R, with A-bracket extending the A-brackct of R by the Leibniz rules (6.1) and 
(6.2). Moreover, at the bottom left and right corners we have isomorphic Poisson 
algebras: 

V''/iV^%V^') ^ S{R/TR) ~ V/{V^_2)V) , (6.17) 
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where S{R/TR) has Lie bracket induced by the 0*^ product of R/TR and ex- 
tended by the Leibniz rule. To prove (6.17), note that 5'(i?)(_2)5(ii) is the 
ideal of S{R) generated by TR, which implies the first isomorphism. Simi- 
larly V (R) (^_2)V (R) is the ideal of V{R), with respect to the —I''* product, 
generated by TR. Hence the natural linear map R V {R) / {V (R) (^_2)V {R)) 
induces a surjective homomorphism of associative algebras : S{R/TR) -» 
V{R)/{V{R)(^^2)y{R))- To prove that this is an isomorphism, we construct 
the inverse map as follows. The quotient map R R/TR extends to a sur- 
jective linear map T{R) -» S{R/TR). It is easy to see that the subspace 
Ai{R) C T{R) (sec (3.8)) is in the kernel, hence wc get a surjective linear map 
V{R) S{R/TR). It is also easy to see that V {R) (^_2)V {R) is in the kernel of 
this map, hence we get a map V{R)/{V{R)(^_2)V{R)) S{R/TR) which is the 
inverse of ip. It is clear that is a Poisson algebra isomorphism. 

Example 6.12. We present here an example of a regular family of vertex alge- 
bras V{R)e for which the Poisson algebras at the bottom left and right corners 
of diagram (6.16) are not isomorphic. Let U = 0„gz^ U[n] be a graded unital 

commutative associative algebra with U[0] = CI, and let H be the diagonaliz- 
able operator on U such that i/|[/[n] = nlu[n]- Then = C[e] C/ is a regular 
family of vertex algebras with |0) = 1, T = eH and a(„)6 = 5n,-iab. In this 

case V = (U, |0) = 1,T = H,Y{a,z) = La) and V/V(^^2)V - C, while = 
{U, |0) = 1, T = 0, Y{a, z) = La) (cf. Example 2.18) and V''^ / {V^^^-^V^) ^ U. 

Returning to W-algebras, consider the family of M^-algebras Wk{Q,x)e de- 
fined as follows. Let Ck{Q,x)e = V{R{g,x))e be the regular family of vertex 
algebras associated to the non-linear Lie conformal algebra Rk{g,x), as ex- 
plained in Remark 6.9. Let de be the element of Ck{Q,x) given by (5.5). Then 
(Cfe(g, a;)e, rfe(o)) is a regular family of vertex algebras with a differential, and 
Wk{Q, x)e is, by definition, the corresponding cohomology. Notice that Wk{0, x)^ 
is, by the above construction, a vertex algebra over C[e]. Moreover, by formality 
(cf. Remark 5.11), it is a vertex subalgebra of Ck{g,x)f, hence it is a regular 
family of vertex algebras, according to Definition 6.7. By the observations in 
Section 5.1, Wk{Q, x)e has a Hamiltonian operator defined by (5.3), and we take 
the r/Z-grading of Wk{Q,x)e, induced by H (see Example 2.12). 

We then build, starting from Wk{g,x)e, the whole diagram (6.16) of funda- 
mental objects. In particular, in the top right corner we have the usual affine 
W-algehia, Wk{s,x), while in the top left corner we have the classical affine 
W-algehra W^Iq^x). (Wc thus recover, in the case when / is a principal nilpo- 
tent element, the so called classical Drinfeld-Sokolov reduction [DS, FFl].) In 
the third row we have on the right the usual finite Vt^-algebra W^'^{g,x), and 
on the left the classical finite W-algehra 11^''"''^' (g, x). Moreover, in the bottom 
right corner we have a Poisson algebra which, by Proposition 3.30, is isomor- 
phic to the associated graded of the finite W algebra W^^{q,x) with respect 
to the filtration (2.40) induced by the conformal weight, which coincides with 
the so called Kazhdan filtration. We thus recover the Poisson algebra on the 
Slodowy slice (see [GG, PI, P2]). Finally, we claim that the Poisson algebra at 
the bottom left corner is isomorphic to the one at the bottom right corner. To 
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see this, first observe that, by Example 6.11, they are isomorphic at the level of 
complexes, and then just notice that, since the differentials are derivations of all 
n*^ products, taking cohomology commutes with taking quotients by V(_2)V. 



Appendix. Three equivalent definitions 
of finite VF-algebras 

A. D'Andrea, C. De Concini, A. De Sole, R. Heluani and V. Kac 

We prove here that the definition of finite W-algebras via the Whittaker 

models, which goes back to [Ko] (see [PI, GG]), is equivalent to the definition 
presented in Section 5 of this paper (in fact, to the slightly more general defi- 
nition, indicated in Section 0.4, with arbitrary coisotropic subspace s C 01/2)- 
For simplicity, we consider here the construction for a Lie algebra g, as the 
definition of finite VF-algebras via the Whittaker models is known in the even 
case. However most of our arguments can be generalized to the super case. 

We will use the notation introduced in Section 5: g is a simple, finite di- 
mensional Lie algebra, with a non-degenerate symmetric invariant bilinear form 
(• I •), and x,fGg form a "good" pair of elements of g, i.e. ad a; is diagonalizable 
on g with half integral eigenvalues and eigenspace decomposition g = Qj, 

and / e g_i is such that g-'^ = {a G g | [/, a] = 0} C 0j<ofli- We choose an 
isotropic subspace [ C gi/2 with respect to the skewsymmetric non-degenerate 
bilinear form (/|[a, 6]) on gi/2, and denote by i'^{= s) C gi/2 the orthogonal 
complement of 1 with respect to this bilinear form. Obviously [ C t"*", and 
(/I [a, 6]) induces a non-degenerate skewsymmetric bilinear form on [-"-/[. We 
then let m[ = [ ® g>i, and n[ = l-"- © g>i C g. They are obviously subalgebras 
of g, and m[ is an ideal of n[, with n[/mi ~ [""-/I. (More generally, one can take 
a good M-grading and let mi = I -|- g>i/2, n[ = [-'- -|- g>i/2, see Remark 5.4.) 

The first definition, via quantum Hamiltonian reduction 

Recall the Definition 5.6 of the finite VT-algebra W^'^{q,x). We can generalize 
it to an arbitrary choice of the isotropic subspace I C gi/2 as follows. In analogy 
with the notation introduced in Section 5, we let = Wa \ a € rii} be the 
vector space n[ with odd parity, if"' — {(p'^ \ (j) G n*} he the vector space n* with 
odd parity, and = {'I' [a] I [(A £ I^/'} be a vector superspace isomorphic to 

[-""/[. The usual pairing of rij and induces a non-degenerate skewsymmetric 
bilinear form on (p^' (B^Pm, which we denote by (•|-)c/i, and, as notice above, the 
inner product (/| [a, b]) on gi/2 induces a non-degenerate skewsymmetric bilinear 
form on which we denote by (•|-)ne- We then define the non-linear Lie 

superalgebra 

r = g©(p"* ©<y!J„, ©$[±/[ , 
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with non-linear Lie bracket given by 

[a, b] = Lie bracket of q , a,b € q , 

[*[a],$[b]] = {f\[a,b]) =: , [a],[&]G[^/[, 

and all other Lie brackets among generators equal zero. We denote hy = U (r) 
the universal enveloping algebra of r, and we let d be the following odd element 
of C^: 

d = ^<^«(«„ + (/|u„) + $[„^]) + i ^ e C/(ii), 

where {uq}, {w"}, a £ S', are dual bases of rii and n*, namely v^{ua) = Sa.js, 
<fa = fu^, = f""" for a € S, and for a G ni, is defined via the isomor- 
phism n[/m( ~ (-"-/l. It is not hard to check that [d,d] = 0, so that d^ = ad(d) 
is a differential of the associative superalgebra . 

Definition A.l. The finite W-algebra is = H{C' ,d'). 

It is clear that, in the special case [ = 0, Definition A.l reduces to Definition 

5.6. 

Remark A. 2. One can easily compute the action of d^ on the generators of C^: 

a. 

a 

d\^pa) = a-K(/|a)-F$[„] -fE(p"(/?[„^,„] 

a 

^'(^W) = 5]¥'"(/IK,a]) 

a 

In the second equation a ■ (p denotes the coadjoint action of n[ on n*, i.e. (a • 

0)(&)=0([6,a]). 

Remark A. 3. For a G ni, we let Xa = a + (/|a) -|- Then the map 

a I— > Xo defines a Lie algebra isomorphism n[ ~ X^^ C C , namely X^a,b] = 
[Xa, Xb], Va, b G n[. Moreover, the action of d^ on X„^ is given by 

The second definition, via WhittEiker models 

Let C±^ ~ C be the 1-dinicnsional representations of m[ given by m-1 = ±(/|m). 
Let M° be the left g-module induced by C_;^: 

= Ind^,C_^ = U{g) . (A.l) 
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Ml is, by definition, a left g module via left multiplication. However it is easy 
to check that is also a left rii-module with respect to the adjoint action of 
n[ on U{q). 

Theorem A. 4. [GG] The Lie algebra cohomology o/n[ with coefficients in M^ 
is concentrated at degree 0: 

H{nuM°) = {M^r . 

where the space of a,d ni-invariants (Mf)"' is an associative algebra with product 
induced from U{g). Moreover this algebra is independent of the choice of I, up 

to isomorphism. 

Definition A.5. The finite VF-algcbra is W^' = (M^)"' . 
By Theorem A. 4, W^^ is the cohomology of the complex 
C'' = A{nt) ® ([/(fl) ^uimo C-x) , 

with differential 

a 

+ A*® (adM„(A) ®uimO 1) • 

a 

As before, a ■ denotes the coadjoint action of ni on nj", extended to A(n*). 
In the rest of the Appendix we will prove the following 

Theorem A. 6. There is an associative algebra isomorphism ~ W^^ . 
The third definition of finite VF-algebras 

We present here an equivalent definition of the complex {C^,d^) defining the 
algebra W^, which better enlightens the relation to the complex {C^^ ,d^^) and 
the corresponding cohomology W^^ . Let U{ni)-^ be the space U{ni) with left 
action of mi given by m • A = (m — {f\m))A, namely, as m[-module, U{ni)-^ ~ 
U{n[) C-^. Consider the induced g-module, 

Mt = Ind^,[/(nO-x = C/(0)®c/(m,)C^(n[)-x • 

M[ is clearly a left g-module by left multiplication. Moreover, a simple com- 
putation shows that Af( has also the structure of left nrmodule, induced by 
the adjoint action of n[ on U{q), and of right nrmodule, given by the right 
multiplication of n[ on U{ni). Notice that 

Ml ~ [/(0)x ®c/(m,) U{ni) , (A.2) 

where mj acts on U (n[) by left multiphcation, and on U (q)-^ ~ U{q) i^^ by 
right action. Similarly 

Mf ~ U{3)^^u{mO<C ■ (A.3) 
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Wc then define, starting from M|, a mixed Lie algebra cohomology and 
homology complex as follows. We first define the complex {C*^,d!^) for the Lie 
algebra homology of n[ with coefficients on the right module M[, namely 

C'' = M( A(ni) , 

and d!* is the following differential on C'^: 

dh{m®Cl^■■■ ACs) = ^ (-l)''m • Cfe ciA • • • ACs (A.4) 

l<fe<s 

+ {-iy+''+'^m^[cj,Ck]Aci Ac^ . 

l<j<k<s 

Clearly C'^ is again a left ni-modulc, with respect to the adjoint action of ni, 
hence we can talk about the Lie algebra cohomology of n[ with coefficients on 
C^. We thus get a new complex {Cjd"), where 

C = A(nn (g) Ml (g> A(ni) , 

and is the usual Lie algebra cohomology differential: 

ci''(* m (g) C) = ^y^t;"AMa-^(g)m(2)C 

a 

+ A * (g) adMa(rnig) C) . (A.5) 

We finally define a new complex (C^^^, d^^^), where C^^^ is the same as 
above, 

C''' = AK) {U{q) ®uimO C^(ni)-x) ® A(n() , 
and d^^^ is a mixed cohomology-homology differential: 

d^ii = d^ + (-l)'5-i(8)d'' , 

with d'^ as in (A.5), d'^ as in (A.4), and S denotes the usual grading of A(n*). 

Proposition A. 7. There is an isomorphism of complexes (C^^^, d^^^) — > (C^, d^) 
given by the following linear map 

i : (0^ A • • • A0') (g) (ai . . .tts (g>[/(n„) 6i . . .6t) (g) (ci A • • • A Cj) 
H^. ip'^^ ■ ■ ■ ip't'' ai . . . OsXh^ . . . Xb^ipc-, ■ ■ ■ <Pcj 

Proof. It is immediate to check that i is well defined. It is obviously surjective, 
and it is injcctive thanks to the PBW Theorem for U{r). Wc arc left to prove 
that i o d^^^ = d^ oi. This is a straightforward computation, which can be done 
using the formulas in Remark A. 2. □ 
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Proof of Theorem A. 6. Thanks to Proposition A. 7, in order to prove 
Theorem A. 6 we need to show that {C^^^ , d^^^) and {C^^ ,d^^) are quasi-isomorphic 
complexes, and the induced isomorphism of cohomologies W^^^ — > W^^ is an 
isomorphism of associative algebras. By definition, {C^^^ ,d^^^) is a bicomplex: 

C''' = C^'i , d'" = d, + d2, 

p>0,g<0 

where 

CP'" = AfK)®(C/(0)®c/(m,)C^K)-x)®A-«(n,) , 

and di = rf^ d2 = (-1)''"^ O d^ so that 

d\ = d^ = did2 + c?2di = , 

and di : CP'" CP+^''', da : Cf'« -> Cf'^+i. Notice that d' and d^' commute, 
since d'^ is defined in terms of the left action of nj on M[, while d'^ is defined 
in terms of the right action of ni on M|. We can then study the corresponding 
spectral sequence {Er- d' ; r > 1). The first term of the spectral sequence is 

^P,9 = HP''i{C"^,d'=) 

= Af (nr) ® H"{{U{q) ®u(mO U{nO-x) ® A(n() , d'') 

= Af K) ® (UiQ)^ ®c/(m,) i?«(C/(ni) ® A(nO , d")) 

= <5,,oA^'K) «. (C/(0)x C) 

= (5,,oAf K) ® (i7(0) C_x) = 5,,oC'''P . 

In the second and fifth cquahtics above we used (A. 2) and (A. 3) respectively. 
The third equality is obvious, since d'^ is defined in terms of the right action of rij 
on [/'(0)^(X)f/(m,)C/(n[) given by right multiplication on J7(n[). Finally, the fourth 
equality follows by the isomorphism Hg{n,U{n)) ~ SqfiC The corresponding 
differential on Ef" = dgflC'P is di = d'= = d" . 

Since the complex Ei is concentrated at 5 = 0, it immediately follows that 
the spectral sequence stabilizes at r = 2, namely E^o = S2. Moreover, since the 
bigrading of C^^^ is bounded, we also know that 

E^ ~ gvH{C^^^,d^^^) ~ H{C^^^,d^^^) . 

In conclusion, we have H{C'",d^") E2 H{C^^,d^^). 

The above arguments, together with Proposition A. 7, show that the com- 
plexes (C^, d^) and (C^^, d^^) are quasi-isomorphic. In fact, we can write down 
an explicit quasi-isomorphism tt : {C^ ,d^) — *■ (C^^,d^^) as follows: 

77(9?'^' • • • yj'^'ai • • • ttsXbi ■ ■ ■ Xb^ipc-, ■ ■ ■ ipcj) 
= St,o5j,o(l>^ A • • • A (g) (ai • • • as 0!7(mi) 1) • 
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We arc left to prove that the corresponding isomorphism of cohomologies 
H{C^,d^) ~ H{C^^ ,d^^) preserves the associative algebra structures. Re- 
call that in H{C^^ ,d^^) the associative product is induced by U{g), namely if 

(^®C/(m,)l), (^®t/(m,)l) e (A^t")"' ^ H{C".d"), then 1) ' (^®C/(m,) 

1) = {AB) ®u{m[) 1- Oil the other hand, if we pick appropriate preimages in 
the complex {C^,d^), say A and B, their product is AB. The claim follows 
immediately. 

□ 
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